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Lecture 2: Chaining and maximal inequalities



Where we le� o�

Setup: X1, . . . , Xn i.i.d. P onX , F is a class of measurable functions fromX to R, and

Gnf =
√
n(Pn − P)f =

1√
n

n∑
i=1
{f(Xi)− Pf}.

The quantities driving rates and asymptotic equicontinuity have the form

E sup
f∈F
|Gnf | or E sup

f∈F :d(f ,f0)≤δ
|Gn(f − f0)|.

What information did the one-net argument ignore?
A one-net argument treats the net points as unrelated. But when f and g are close in a suitable
semimetric, the increment Gn(f − g) should be small. We need a method that exploits the size of
these increments.

Another complication: The variables f(X) may be unbounded or have only a few finite
moments, so direct Hoe�ding-type bounds for (Pn − P)f may be unavailable.
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A sub-Gaussian distribution has a Gaussian-type tail decay property.
Sub-Gaussian random variable
X is said to be sub-Gaussian if there exist constants C, v > 0 s.t.

P(|X| > t) ≤ Ce−vt
2

for every t > 0.

Tails of a sub-Gaussian distribution are dominated by (i.e., decay at least as fast as) the tails of a
Gaussian (in Lecture 1 we saw that bounded r.v.’s satisfy this property via Hoe�ding’s inequality).

Process with sub-Gaussian increments
Let {Zf : f ∈ F} be a centered stochastic process, and let d be a semimetric onF .

Z has sub-Gaussian increments w.r.t. d if, for every f , g ∈ F ,

P (|Zf − Zg| > t) ≤ 2 exp

{
− t2

2d2(f , g)

}
.

Question: Can we upper-bound E‖Gn‖F by the expected supremum of a process whose
increments satisfy an explicit sub-Gaussian bound?
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Let ε1, . . . , εn be independent Rademacher signs (independent of X1, . . . , Xn), i.e.,
P(εi = 1) = P(εi = −1) = 0.5

Result: Symmetrization inequality

EX ‖Gn‖F ≡ EX sup
f∈F
|
√
n(Pn − P)f | ≤ 2EXEε sup

f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

εif(Xi)

∣∣∣∣∣ .
Here Eε averages over the signs while holding the data fixed, and EX averages over the data.

Upshot: A�er symmetrization, the central object is normalized Rademacher process

Gεnf :=
1√
n

n∑
i=1

εif(Xi), f ∈ F .

∑n
i=1 εif(Xi): ‘correlation’ between (f(X1), . . . , f(Xn)) and the “noise vector” (ε1, . . . , εn).

The symmetrized process is easier to control: conditional on X1:n, this is a centered process with
sub-Gaussian increments (we will show this first) and we can then apply chaining!
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Fix f , g ∈ F and condition on X1:n. Consider the empirical L2 semimetric ρn onF :

ρn(f , g) := ‖f − g‖Pn,2 =

{
1
n

n∑
i=1

(f(Xi)− g(Xi))2

}1/2

.

Write ai := f(Xi)− g(Xi). Then: Gεnf −Gεng =
1√
n

n∑
i=1

εiai.

Since Eεeuεi = (eu + e−u)/2 ≤ eu
2/2, independence of the signs gives

Eε exp {λ(Gεnf −Gεng)} =
n∏
i=1

Eε exp

{
λεiai√
n

}
≤ exp

{
λ2

2n

n∑
i=1

a2
i

}
= exp

{
λ2ρ2

n(f , g)

2

}
.

Therefore, conditionally on the data, and optimizing the value of λ, we get (HW problem)

Pε (|Gεnf −Gεng| > u | X1:n) ≤ 2 exp

{
− u2

2ρ2
n(f , g)

}
.

Symmetrization has reduced the empirical-process problem to bounding the supremum of the
Rademacher process Gεn which has sub-Gaussian increments w.r.t. the semimetric space (F , ρn).

4/30



Fix f , g ∈ F and condition on X1:n. Consider the empirical L2 semimetric ρn onF :

ρn(f , g) := ‖f − g‖Pn,2 =

{
1
n

n∑
i=1

(f(Xi)− g(Xi))2

}1/2

.

Write ai := f(Xi)− g(Xi). Then: Gεnf −Gεng =
1√
n

n∑
i=1

εiai.

Since Eεeuεi = (eu + e−u)/2 ≤ eu
2/2,

independence of the signs gives

Eε exp {λ(Gεnf −Gεng)} =
n∏
i=1

Eε exp

{
λεiai√
n

}
≤ exp

{
λ2

2n

n∑
i=1

a2
i

}
= exp

{
λ2ρ2

n(f , g)

2

}
.

Therefore, conditionally on the data, and optimizing the value of λ, we get (HW problem)

Pε (|Gεnf −Gεng| > u | X1:n) ≤ 2 exp

{
− u2

2ρ2
n(f , g)

}
.

Symmetrization has reduced the empirical-process problem to bounding the supremum of the
Rademacher process Gεn which has sub-Gaussian increments w.r.t. the semimetric space (F , ρn).

4/30



Fix f , g ∈ F and condition on X1:n. Consider the empirical L2 semimetric ρn onF :

ρn(f , g) := ‖f − g‖Pn,2 =

{
1
n

n∑
i=1

(f(Xi)− g(Xi))2

}1/2

.

Write ai := f(Xi)− g(Xi). Then: Gεnf −Gεng =
1√
n

n∑
i=1

εiai.

Since Eεeuεi = (eu + e−u)/2 ≤ eu
2/2, independence of the signs gives

Eε exp {λ(Gεnf −Gεng)} =
n∏
i=1

Eε exp

{
λεiai√
n

}
≤ exp

{
λ2

2n

n∑
i=1

a2
i

}
= exp

{
λ2ρ2

n(f , g)

2

}
.

Therefore, conditionally on the data, and optimizing the value of λ, we get (HW problem)

Pε (|Gεnf −Gεng| > u | X1:n) ≤ 2 exp

{
− u2

2ρ2
n(f , g)

}
.

Symmetrization has reduced the empirical-process problem to bounding the supremum of the
Rademacher process Gεn which has sub-Gaussian increments w.r.t. the semimetric space (F , ρn).

4/30



Fix f , g ∈ F and condition on X1:n. Consider the empirical L2 semimetric ρn onF :

ρn(f , g) := ‖f − g‖Pn,2 =

{
1
n

n∑
i=1

(f(Xi)− g(Xi))2

}1/2

.

Write ai := f(Xi)− g(Xi). Then: Gεnf −Gεng =
1√
n

n∑
i=1

εiai.

Since Eεeuεi = (eu + e−u)/2 ≤ eu
2/2, independence of the signs gives

Eε exp {λ(Gεnf −Gεng)} =
n∏
i=1

Eε exp

{
λεiai√
n

}
≤ exp

{
λ2

2n

n∑
i=1

a2
i

}
= exp

{
λ2ρ2

n(f , g)

2

}
.

Therefore, conditionally on the data, and optimizing the value of λ, we get (HW problem)

Pε (|Gεnf −Gεng| > u | X1:n) ≤ 2 exp

{
− u2

2ρ2
n(f , g)

}
.

Symmetrization has reduced the empirical-process problem to bounding the supremum of the
Rademacher process Gεn which has sub-Gaussian increments w.r.t. the semimetric space (F , ρn).

4/30



Fix f , g ∈ F and condition on X1:n. Consider the empirical L2 semimetric ρn onF :

ρn(f , g) := ‖f − g‖Pn,2 =

{
1
n

n∑
i=1

(f(Xi)− g(Xi))2

}1/2

.

Write ai := f(Xi)− g(Xi). Then: Gεnf −Gεng =
1√
n

n∑
i=1

εiai.

Since Eεeuεi = (eu + e−u)/2 ≤ eu
2/2, independence of the signs gives

Eε exp {λ(Gεnf −Gεng)} =
n∏
i=1

Eε exp

{
λεiai√
n

}
≤ exp

{
λ2

2n

n∑
i=1

a2
i

}
= exp

{
λ2ρ2

n(f , g)

2

}
.

Therefore, conditionally on the data, and optimizing the value of λ, we get (HW problem)

Pε (|Gεnf −Gεng| > u | X1:n) ≤ 2 exp

{
− u2

2ρ2
n(f , g)

}
.

Symmetrization has reduced the empirical-process problem to bounding the supremum of the
Rademacher process Gεn which has sub-Gaussian increments w.r.t. the semimetric space (F , ρn).

4/30



Proof of the Symmetrization inequality

Let X′1, . . . , X′n be an independent copy of the data, and define

P′nf :=
1
n

n∑
i=1

f(X′i ).

Since Pf = EX′ [P′nf ], we have, conditionally on X1:n,

Gnf =
1√
n

n∑
i=1
{f(Xi)− Pf} = EX′

[
1√
n

n∑
i=1
{f(Xi)− f(X′i )}

∣∣∣∣∣ X1:n

]
.

Therefore, by conditional Jensen’s inequality,

EX ‖Gn‖F = EX sup
f∈F

∣∣∣∣∣EX′
[

1√
n

n∑
i=1
{f(Xi)− f(X′i )}

∣∣∣∣∣ X1:n

]∣∣∣∣∣ ≤ EX,X′ sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1
{f(Xi)− f(X′i )}

∣∣∣∣∣ .
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So far we have shown: EX ‖Gn‖F ≤ EX,X′ supf∈F

∣∣∣ 1√
n

∑n
i=1{f(Xi)− f(X′i )}

∣∣∣ .
Adding a minus sign in front of a term f(Xi)− f(X′i ) has the e�ect of exchanging Xi and X′i .

Because the X′i ’s are independent copies of the Xi’s, the expectation of any function remains
unchanged under permutations of its arguments. Hence the expression

EX,X′ sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

ei{f(Xi)− f(X′i )}

∣∣∣∣∣
is the same for any n-tuple (e1, . . . , en) ∈ {−1,+1}n.
Thus

EX ‖Gn‖F ≤ EX,X′,ε sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

εi{f(Xi)− f(X′i )}

∣∣∣∣∣ ≤ 2EXEε sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

εif(Xi)

∣∣∣∣∣ .

6/30



So far we have shown: EX ‖Gn‖F ≤ EX,X′ supf∈F

∣∣∣ 1√
n

∑n
i=1{f(Xi)− f(X′i )}

∣∣∣ .
Adding a minus sign in front of a term f(Xi)− f(X′i ) has the e�ect of exchanging Xi and X′i .

Because the X′i ’s are independent copies of the Xi’s, the expectation of any function remains
unchanged under permutations of its arguments. Hence the expression

EX,X′ sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

ei{f(Xi)− f(X′i )}

∣∣∣∣∣
is the same for any n-tuple (e1, . . . , en) ∈ {−1,+1}n.

Thus

EX ‖Gn‖F ≤ EX,X′,ε sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

εi{f(Xi)− f(X′i )}

∣∣∣∣∣ ≤ 2EXEε sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

εif(Xi)

∣∣∣∣∣ .

6/30



So far we have shown: EX ‖Gn‖F ≤ EX,X′ supf∈F

∣∣∣ 1√
n

∑n
i=1{f(Xi)− f(X′i )}

∣∣∣ .
Adding a minus sign in front of a term f(Xi)− f(X′i ) has the e�ect of exchanging Xi and X′i .

Because the X′i ’s are independent copies of the Xi’s, the expectation of any function remains
unchanged under permutations of its arguments. Hence the expression

EX,X′ sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

ei{f(Xi)− f(X′i )}

∣∣∣∣∣
is the same for any n-tuple (e1, . . . , en) ∈ {−1,+1}n.
Thus

EX ‖Gn‖F ≤ EX,X′,ε sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

εi{f(Xi)− f(X′i )}

∣∣∣∣∣ ≤ 2EXEε sup
f∈F

∣∣∣∣∣ 1√
n

n∑
i=1

εif(Xi)

∣∣∣∣∣ .

6/30



From the Rademacher process to a generic problem

Conditional on X1, . . . , Xn, we have shown that

Gεnf =
1√
n

n∑
i=1

εif(Xi), f ∈ F ,

has sub-Gaussian increments with respect to ρn(f , g) = ‖f − g‖Pn,2 .

Conditional on the data, our problem has the following abstract form
Let {Zt : t ∈ T} be a stochastic process with sub-Gaussian increments w.r.t. a semimetric d:

P (|Zt − Zs| > u) ≤ 2 exp

{
− u2

2d2(s, t)

}
Assume

D := diam(T, d) = sup
s,t∈T

d(s, t) <∞ and N(u, T, d) <∞ for every u > 0.

Fix an anchor t0 ∈ T. Our goal is to control E sup
t∈T
|Zt − Zt0 |.

For the conditional Rademacher process, T = F , Zf = Gεnf , d = ρn.
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Recall: Finite-maximum lemma
Let Y1, . . . , YN satisfy

P{|Yj| > u} ≤ 2 exp

{
− u2

2σ2

}
, j = 1, . . . ,N.

Then E max
1≤j≤N

|Yj| . σ
√

log(2N).

Now let A ⊂ T be finite. For every t ∈ A, Zt − Zt0 is sub-Gaussian with scale d(t, t0). Therefore,

Emax
t∈A
|Zt − Zt0 | .

{
max
t∈A

d(t, t0)

}√
log(2|A|) . D

√
log(2|A|).

For an ε-net Tε,
Zt − Zt0 = {Zπε(t) − Zt0}+ {Zt − Zπε(t)}.

The first term is a finite maximum, but the second is the same problem at the smaller scale ε.

Repeating this decomposition over successively finer nets is chaining.

8/30



Recall: Finite-maximum lemma
Let Y1, . . . , YN satisfy

P{|Yj| > u} ≤ 2 exp

{
− u2

2σ2

}
, j = 1, . . . ,N.

Then E max
1≤j≤N

|Yj| . σ
√

log(2N).

Now let A ⊂ T be finite. For every t ∈ A, Zt − Zt0 is sub-Gaussian with scale d(t, t0). Therefore,

Emax
t∈A
|Zt − Zt0 | .

{
max
t∈A

d(t, t0)

}√
log(2|A|) . D

√
log(2|A|).

For an ε-net Tε,
Zt − Zt0 = {Zπε(t) − Zt0}+ {Zt − Zπε(t)}.

The first term is a finite maximum, but the second is the same problem at the smaller scale ε.

Repeating this decomposition over successively finer nets is chaining.

8/30



Recall: Finite-maximum lemma
Let Y1, . . . , YN satisfy

P{|Yj| > u} ≤ 2 exp

{
− u2

2σ2

}
, j = 1, . . . ,N.

Then E max
1≤j≤N

|Yj| . σ
√

log(2N).

Now let A ⊂ T be finite. For every t ∈ A, Zt − Zt0 is sub-Gaussian with scale d(t, t0). Therefore,

Emax
t∈A
|Zt − Zt0 | .

{
max
t∈A

d(t, t0)

}√
log(2|A|) . D

√
log(2|A|).

For an ε-net Tε,
Zt − Zt0 = {Zπε(t) − Zt0}+ {Zt − Zπε(t)}.

The first term is a finite maximum, but the second is the same problem at the smaller scale ε.

Repeating this decomposition over successively finer nets is chaining.
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Chaining in one picture

T0

T1

T2

T3

t0 = π0(t)

π1(t)

π2(t)

π3(t)

t

The multiscale decomposition
The chain

t0 = π0(t)→ π1(t)→ π2(t)→ π3(t)→ t

gives

Zt − Zt0 =
3∑
j=1

{
Zπj(t) − Zπj−1(t)

}
+
{
Zt − Zπ3(t)

}
.

At level j, Tj is an εj-net, where D := diam(T, d), εj := 2−jD, and πj(t) ∈ Tj approximates t.

Coarse levels: few possible approximations, but relatively large increment scales.

Fine levels: more possible approximations, but d
(
πj(t), πj−1(t)

)
is small, so the corresponding

process increment has a smaller sub-Gaussian scale.
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Dyadic nets and the telescoping decomposition

T0

T1

T2

T3 = T

t0 = π0(t)

π1(t)

π2(t)

t = π3(t)

For the moment suppose that T is finite.

Let
D := diam(T, d), εj := 2−jD.

Set T0 := {t0}, π0(t) := t0.

For j ≥ 1, choose an εj-net Tj and πj(t) ∈ Tj s.t.

|Tj| = N(εj, T, d), d
(
t, πj(t)

)
≤ εj.

Distance between successive approximations

d
(
πj(t), πj−1(t)

)
≤ d

(
πj(t), t

)
+ d
(
t, πj−1(t)

)
≤ εj + εj−1 = 3εj.

Choose J so that TJ = T; then πJ(t) = t and

Zt − Zt0 =
J∑
j=1

{
Zπj(t) − Zπj−1(t)

}
⇒ sup

t∈T
|Zt − Zt0 | ≤

J∑
j=1

max
t∈T

∣∣Zπj(t) − Zπj−1(t)
∣∣ .
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T0

T1

T2

T3 = T

t0 = π0(t)

π1(t)

π2(t)

t = π3(t)

Fix a level j. As t varies, the successive pair(
πj(t), πj−1(t)

)
can take at most

#
{(
πj(t), πj−1(t)

)
: t ∈ T

}
≤ |Tj| |Tj−1| ≤ N(εj, T, d)2

di�erent values (as N(εj−1, T, d) ≤ N(εj, T, d)).

Each increment is sub-Gaussian with scale at most

d
(
πj(t), πj−1(t)

)
≤ 3εj.

Therefore, the finite-maximum lemma gives

Emax
t∈T

∣∣Zπj(t) − Zπj−1(t)
∣∣ . εj

√
log{2N(εj, T, d)}.

Combining this with the telescoping bound from the preceding slide,

E sup
t∈T
|Zt − Zt0 | .

J∑
j=1

εj

√
log{2N(εj, T, d)}.
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From the dyadic sum to the entropy integral

For finite T, the preceding argument gives, with N(ε) := N(ε, T, d),

E sup
t∈T
|Zt − Zt0 | .

J∑
j=1

εj

√
log{2N(εj)}, εj = 2−jD.

Since N(ε) is nonincreasing, for ε ∈ [εj+1, εj],√
log{2N(ε)} ≥

√
log{2N(εj)}.

Also, εj − εj+1 = εj/2. Therefore

εj

√
log{2N(εj)} ≤ 2

∫ εj

εj+1

√
log{2N(ε)} dε.

Summing over j yields

E sup
t∈T
|Zt − Zt0 | .

∫ D

0

√
log{2N(ε, T, d)} dε.
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Dudley’s entropy bound
Let {Zt : t ∈ T} have sub-Gaussian increments with respect to a semimetric d. Assume

D := diam(T, d) <∞, N(ε, T, d) <∞ for every ε > 0.

If the process is separable, then, for every t0 ∈ T,

E sup
t∈T
|Zt − Zt0 | .

∫ D

0

√
log{2N(ε, T, d)} dε.

Extension from finite to infinite T
For infinite T, separability gives a countable set T◦ = {t0, t1, . . .} ⊆ T such that

sup
t∈T
|Zt − Zt0 | = sup

t∈T◦
|Zt − Zt0 | a.s.

Let Am := {t0, . . . , tm}. Apply the finite result to Am, and then let m → ∞ and use monotone
convergence theorem:

max
t∈Am
|Zt − Zt0 | ↑ sup

t∈T
|Zt − Zt0 | a.s.
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Example: a d-dimensional parameter set

Let T = Bd2(1), d(s, t) = ‖s− t‖2 ⇒ diam(T, d) = 2.

Recall: logN(ε, T, d) . d log
(

1 + 2
ε

)
.

Dudley’s inequality gives

E sup
t∈T
|Zt − Z0| .

∫ 2

0

√
d log

(
1 +

2
ε

)
dε .

√
d.

The order is sharp
If

Zt = 〈g, t〉 , g ∼ N(0, Id),

then the canonical semimetric is ‖s− t‖2 and

sup
t∈Bd2 (1)

|Zt − Z0| = ‖g‖2 , E ‖g‖2 �
√
d.
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Example [Lipschitz classes]: For q ≥ 1, consider

Fq := {f : [0, 1]q → [0, 1] : |f(x)− f(y)| ≤ ‖x − y‖2} ,

equipped with d∞(f , g) := ‖f − g‖∞. The metric entropy satisfies

logN(ε,Fq, d∞) � ε−q.

Hence Dudley’s entropy integral has the same convergence behavior as
∫ 1

0 ε
−q/2 dε.

Domain Entropy integrand Dudley integral

[0, 1] ε−1/2 finite:
∫ 1

0 ε
−1/2 dε = 2

[0, 1]2 ε−1 logarithmically divergent
[0, 1]3 ε−3/2 divergent at a power rate

Interpretation
For one-dimensional Lipschitz functions, Dudley’s global entropy bound is finite.

In dimensions two and higher, this particular sup-norm entropy bound is not integrable at zero.
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Back to empirical processes: conditional Dudley

Conditional on X1:n, recall

G◦n f =
1√
n

n∑
i=1

εif(Xi), ρn(f , g) := ‖f − g‖Pn,2 .

The process G◦n has sub-Gaussian increments with respect to ρn. Let

F0 := F ∪ {0}, Dn := diam(F0, ρn).

Since G◦n0 = 0, conditional Dudley gives

Eε ‖G◦n‖F .
∫ Dn

0

√
log{2N(u,F0, ρn)}du.

Combining this with symmetrization,

E ‖Gn‖F ≤ 2EXEε ‖G◦n‖F . EX
∫ Dn

0

√
log{2N(u,F0, ρn)} du.

Issue: Both ρn and N(u,F0, ρn) are random. Deterministic uniform-entropy bounds needed.
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The uniform entropy integral

Let F : X → [0,∞) be an envelope ofF :

|f(x)| ≤ F(x) for every f ∈ F , x ∈ X .

SetF0 := F ∪ {0} and, for a probability measure Q, write ‖h‖Q,2 := {Qh2}1/2.

Uniform entropy integral
For δ > 0, define

J(δ,F , F) :=

∫ δ

0
sup
Q

√
log
{

2N
(
ε ‖F‖Q,2 ,F0, L2(Q)

)}
dε,

where the supremum is over all finitely supported probability measures Q satisfying ‖F‖Q,2 > 0.

Why take supQ?

Every empirical measure Pn is finitely supported. Therefore the definition controls the random
choice Q = Pn.
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A maximal inequality
LetF have envelope F with ‖F‖P,2 <∞, J(1,F , F) <∞. Then

E ‖Gn‖F . J(1,F , F) ‖F‖P,2 .

Proof strategy
Conditional Dudley bounds the Rademacher supremum by its random L2(Pn) entropy integral:

Eε ‖G◦n‖F .
∫ ‖F‖Pn,2

0

√
log {2N(u,F0, L2(Pn))} du . J(1,F , F) ‖F‖Pn,2 ,

where in the last step the uniform entropy integral replaces that random quantity by the deter-
ministic number J(1,F , F).

By symmetrization, we have to average the random envelope norm ‖F‖Pn,2 over the data to obtain

EX ‖Gn‖F ≤ 2EXEε ‖G◦n‖F . J(1,F , F)EX ‖F‖Pn,2 . J(1,F , F) ‖F‖P,2 ,

where in the last step we use Jensen’s inequality.
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How can we verify the uniform entropy condition?

Recall the maximal inequality:

E ‖Gn‖F . J(1,F , F) ‖F‖P,2 ,

where J(1,F , F) involves
sup
Q

logN
(
ε ‖F‖Q,2 ,F , L2(Q)

)
.

The big question
How to bound these covering numbers simultaneously for every finitely supported probability
measure Q?

Answer: VC theory [Vapnik and Cervonenkis introduced these ideas in the 1970s]

Result: For classes of functionsF that satisfy certain combinatorial restrictions we have

sup
Q

logN
(
ε ‖F‖Q,2 ,F , L2(Q)

)
. V log

(
A
ε

)
, for some V.
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Back to Example 1: the remaining term

Recall
ft(x) := |x − t|, Mn = PnfX̄n , M = Pfµ, ψ(t) := Pft.

We decomposed
√
n(Mn − M) = Gnfµ + Gn(fX̄n − fµ)︸ ︷︷ ︸

Bn

+
√
n{ψ(X̄n)− ψ(µ)}.

The only nonstandard term is
Bn = Gn(fX̄n − fµ).

We must show that Bn = oP(1).

For δ > 0, define

gt := ft − fµ, Θδ := [µ− δ, µ+ δ], Hδ := {gt : t ∈ Θδ}.

The relevant local oscillation is

Wn(δ) := ‖Gn‖Hδ = sup
|t−µ|≤δ

|Gn(ft − fµ)|.
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The local class has a shrinking envelope

For t ∈ Θδ , the reverse triangle inequality gives, for every x ∈ R,

|gt(x)| =
∣∣|x − t| − |x − µ|∣∣ ≤ |t − µ| ≤ δ.

Thus, an envelope forHδ is the constant function Hδ(x) := δ

Uniform entropy condition: we will verify this later using VC theory
Suppose that, for some δ0 > 0 and J0 <∞,

sup
0<δ≤δ0

J(1,Hδ,Hδ) ≤ J0.

Applying the maximal inequality toHδ gives

EWn(δ) = E ‖Gn‖Hδ . J(1,Hδ,Hδ) ‖Hδ‖P,2 .

Consequently, for a universal constant C,

EWn(δ) ≤ CJ0δ, 0 < δ ≤ δ0.
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EWn(δ) ≤ CJ0δ, 0 < δ ≤ δ0.
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For every η > 0, Markov’s inequality gives

P{Wn(δ) > η} ≤ EWn(δ)

η
≤ CJ0δ

η
.

The bound is uniform in n. Therefore

lim
δ↓0

lim sup
n→∞

P

{
sup
|t−µ|≤δ

|Gn(ft − fµ)| > η

}
= 0.

This is precisely the local equicontinuity condition needed for the random index t = X̄n.

Indeed, on the event {|X̄n − µ| ≤ δ},

|Bn| = |GngX̄n | ≤ Wn(δ).

Hence
P{|Bn| > η} ≤ P{|X̄n − µ| > δ}+ P{Wn(δ) > η}.

Since X̄n
P−→ µ,

lim sup
n→∞

P{|Bn| > η} ≤ CJ0δ

η
.

Letting δ ↓ 0 proves Bn = Gn(fX̄n − fµ) = oP(1).
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VC theory: Shattering and VC dimension

Let C be a collection of subsets ofX .

For a finite set of points
S := {x1, . . . , xm} ⊆ X ,

the subsets of S realized by C are

C|S := {C ∩ S : C ∈ C}.

Shattering
The class C shatters S if

C|S = {A : A ⊆ S}.
Thus all 2m subsets of S can be realized by sets in C.

VC(C) := sup {m : some set ofm points is shattered by C} .

Example: half-lines on R
Let C = {(−∞, t] : t ∈ R}.

A single point is shattered (S = {x1}):
C|{x1} =

{
∅, {x1}

}
.

For two points x1 < x2,

C|{x1,x2} =
{
∅, {x1}, {x1, x2}

}
.

The subset {x2} cannot be realized.

x1 x2

(−∞, t]

Containing x2 forces
the set to contain x1.

VC(C) = 1.
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Example: intervals on R have VC dimension two

Let
C = {[a, b] : −∞ < a ≤ b <∞}.

Two points are shattered, but no three ordered points can be: the labeling (1, 0, 1) is impossible.
Therefore

VC(C) = 2.
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Some set classes

Class VC

Half-lines on R 1
Intervals on R 2
Halfspaces in Rd d + 1
Axis-aligned rectangles 2d
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VC dimension implies a uniform entropy bound

Let
FC = {fC : C ∈ C}, fC = 1C,

and suppose VC(C) = V <∞.
VC entropy bound

There are universal constants A, C <∞ s.t., for every probability Q and every 0 < ε < 1,

logN
(
ε,FC , L2(Q)

)
≤ CV log

(
A
ε

)
.

For the indicator classFC , the envelope is F ≡ 1, ‖F‖Q,2 = 1.

The VC entropy bound therefore gives J(1,FC , 1) .
∫ 1

0

√
v log

( A
ε

)
dε .

√
V.

The maximal inequality now yields

E sup
C∈C
|Gn1C| .

√
V ⇒ E sup

C∈C
|Pn(C)− P(C)| .

√
V
n
.
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Examples and VC-subgraph classes

Example: a subgraph
For a real-valued function f : X → R,
the subgraph of f is the region below its
graph:

subgr(f) = {(x, u) ∈ X × R : u < f(x)}.

x

u

u = f(x)

subgr(f)

Finite-dimensional linear and a�ine
classes are typically VC-subgraph.

VC-subgraph class
A classF of real-valued functions is calledVC-subgraph
if the collection of sets

{subgr(f) : f ∈ F}

is a VC class.

Useful permanence properties
If F and G are VC-subgraph, then the following are
again VC-subgraph:

I subclasses ofF ;
I {f + h : f ∈ F} for a fixed function h;
I {f ∨ g : f ∈ F , g ∈ G} and {f ∧ g}.
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Uniform VC entropy bound
LetF be a VC-subgraph class of dimensionV with envelopeF. There are universal constantsA, C <
∞ such that, for every probability measure Q and every 0 < ε < 1,

logN
(
ε ‖F‖Q,2 ,F , L2(Q)

)
≤ CV log

(
A
ε

)
.

The bound is uniform over Q. Consequently,

J(1,F , F) .
√
V
∫ 1

0

√
log(A/ε) dε .

√
V.

The maximal inequality therefore gives

E ‖Gn‖F . ‖F‖P,2
√
V ⇔ E ‖Pn − P‖F . ‖F‖P,2

√
V
n
.

Why VC theory enters
A combinatorial restriction on the class guarantees the uniform entropy condition needed by the
empirical-process maximal inequality.
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Example 1: VC theory closes the remaining gap

Recall ft(x) := |x − t|, Hδ := {ft − fµ : |t − µ| ≤ δ}.

Why is the absolute-deviation class VC-subgraph?
Write

ft(x) = |x − t| = max{x − t, t − x}.

The two classes

A+ := {x 7→ x − t : t ∈ R}, A− := {x 7→ t − x : t ∈ R}

are finite-dimensional a�ine classes, and hence are VC-subgraph.

By permanence under pointwise maxima, {ft : t ∈ R} ⊆ A+ ∨ A− is VC-subgraph.
Subtracting the fixed function fµ and restricting t to Θδ preserves this property. Therefore

Hδ is VC-subgraph with dimension at most V,

where V <∞ does not depend on δ.
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Earlier we showed that Hδ ≡ δ is an envelope forHδ . The VC entropy theorem therefore gives

sup
0<δ<δ0

J(1,Hδ,Hδ) .
√
V <∞.

Conclusion
This verifies the only condition le� open earlier. Hence

EWn(δ) . δ
√
V, Gn(fX̄n − fµ) = oP(1).

Together with the ordinary CLT and the delta-method calculation,
√
n(Mn − M)

d−→ N(0, τ 2),

where
τ 2 = Var(|X − µ|+ {2F(µ)− 1}(X − µ)) .
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