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Let X1,...,X, bei.i.d. rv’s on R with cdf F, and define:

Fo(t) = %Z 1% < t} Gu(t) = Vn{Fa(t) — F(t)}
F,(t) — F(t) a.s. Gn(t) LN N(O,F(t){1 —F(t)}).
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Glivenko-Cantelli Kolmogorov-Smirnov Donsker’s CLT Dudley’s chain- Pollard; Talagrand’s Learning the-
uniform LLN goodness-of-fit ing; VC theory modern EP toolkit ory, HD statistics,
semiparametrics

Let X1,...,X, bei.i.d. rv’s on R with cdf F, and define:

Fo(t) = %Z 1% < t} Gu(t) = V{Fa(t) — F(1)}
F,(t) — F(t) a.s. Gn(t) LN N(O,F(t){1 —F(t)}).

Question: Consider testing Hy : F = Fy, versus Hj : F # Fy, using the test-statistic

Kn :=v/n||Fn = Foll o = vn sup IFa(t) — Fo(t)] =: [|Gnll,  (under Hy).
te

Reject Hy when K, is large (but how large?). We need uniform versions of the LLN and the CLT?
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Glivenko-Cantelli (uniform LLN) Donsker (functional CLT)
d e
|Fn — Fll, = sup |Fa(t) — F(t)] — 0 a.s. Gn=+n(Fh—F) > UoF int>™(R)
teR

where U is a Brownian bridge
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Glivenko-Cantelli (uniform LLN) Donsker (functional CLT)

d . e
IFa — Fll, = sup|Fa(t) — F(t)] — 0 ass. Gn=+n(Fh—F) > UoF int>™(R)
teR

where U is a Brownian bridge

GC: consistency of the KS test Donsker: the KS null law

Set D, := ||Fy — Fol| .. Under Hy, D, — 0. Un- If Fy is continuous, then, under H,

der a fixed alternative with cdf G # Fy, p
VD, = sup [G(t)] = sup |U(u)],
Dy — [|G—Foll, >0 = +/nD, — . teR 0<u<1

Thus the test is consistent. which is distribution-free.
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|Fn — Fll, = sup |Fa(t) — F(t)] — 0 a.s. Gn=+n(Fh—F) > UoF int>™(R)
teR

where U is a Brownian bridge

GC: consistency of the KS test Donsker: the KS null law

Set D, := ||Fy — Fol| .. Under Hy, D, — 0. Un- If Fy is continuous, then, under H,
der a fixed alternative with cdf G # Fy, p
VD, = sup |G, (t)| = sup |U(u)],
Dy — [|G—Foll, >0 = +/nD, — . teR 0<u<1
Thus the test is consistent. which is distribution-free.
The continuous mapping theorem, which says that for every sup-norm-continuous =,
d
Y(Gn) = (UcF)

makes the classical empirical process result so useful
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Glivenko-Cantelli (uniform LLN) Donsker (functional CLT)

d . o
|Fn — Fll, = sup |Fa(t) — F(t)] — 0 a.s. Gn=+n(Fh—F) > UoF int>™(R)
teR

where U is a Brownian bridge

GC: consistency of the KS test Donsker: the KS null law

Set D, := ||Fy — Fol| .. Under Hy, D, — 0. Un- If Fy is continuous, then, under H,
der a fixed alternative with cdf G # Fy,

d
D, — |G=Fol, >0 = +/nD, — oo. VD, = sup [Gn(8) = b )l
Thus the test is consistent. which is distribution-free.
The continuous mapping theorem, which says that for every sup-norm-continuous =,
1(Ga) % (U F)
makes the classical empirical process result so useful

Question: What happens when X; is not real-valued and want to go beyond indicator funtions?
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The general empirical measure and empirical process

Suppose X ~ Pon X. For measurable f : X — R, write

Pf = / f)dP(x) = E[f(X)],  Puf = %Z fX),  Gaf = Vn(P, = P)f.
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The general empirical measure and empirical process

Suppose X ~ Pon X. For measurable f : X — R, write
pf = / FOOdPO) = E[f(X)],  Pof = %Z F(X),  Gof = V/A(Pr — P)f.
i=1

For a function class F,

|Pn — Pl £ := sup |(Pn — P)f], |Gl 7 := sup |Gnf|.
feF feFr
Two master questions
1. When does ||P, — P||  — 0? (uniform LLN / GC)
2. When does G, converge as a random element of £°°(F)? (functional CLT / Donsker)

£°(F): the space of all bounded real-valued functions on 7 (e.g., 7 = {1(_oc 4() : t € R})
equipped with the sup norm ||z|| 7 = supsc + |2(f)|.
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M-estimation = empirical risk minimization

Ly : X — R be aloss function with € © (parameter space). Define:

én € argmin P,ly, O € arg min Ply.
0ee 0ee
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M-estimation = empirical risk minimization

Ly : X — R be aloss function with € © (parameter space). Define:

én € argmin P,ly,

0cO

0o € argmin Ply.

0cO

Problem

Loss / criterion

Search class

Maximum likelihood
Location [ quantile
Regression

Classification
Shape-constrained density

(5(x) = — log ps(x)

|x — 0] or check loss

v —f(2)*orly - 1(2)|
1{g(z) # y} or surrogate loss
— log f(X)

Parametric densities

0eR

Linear, smooth, neural-nets
Halfspaces, trees, kernels
Monotone, log-concave
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M-estimation = empirical risk minimization

Ly : X — R be aloss function with € © (parameter space). Define:

9,, € argmin P,ly, O € arg min Ply.

9co 0co
Problem Loss / criterion Search class
Maximum likelihood lo(x) = —log po(x) Parametric densities
Location / quantile |x — 0] or check loss 0eR
Regression (v —f(2))?or|y — f(2)] Linear, smooth, neural-nets
Classification 1{g(z) # y} orsurrogate loss  Halfspaces, trees, kernels
Shape-constrained density — log f(x) Monotone, log-concave

Classical statistics Statistical learning

0o is a model parameter; goals are consistency, The model may be misspecified; the main tar-
rate, and limiting distribution of 0,. get is excess risk Ply —infoco Ply.
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The four statistical questions

1. Consistency: does d(f,,6y) — 0?
2. Rate: how large is d(f,, 6) at sample size n?
3. Limit law: what is the distribution of a normalized error?

4. Prediction [ decision quality: how large is the excess risk, with high probability?
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The four statistical questions

1. Consistency: does d(f,,6y) — 0?
2. Rate: how large is d(f,, 6) at sample size n?
3. Limit law: what is the distribution of a normalized error?

4. Prediction [ decision quality: how large is the excess risk, with high probability?

Two ingredients appear again and again

» Deterministic geometry: identification and curvature of 6 — P{y.

» Stochastic geometry: oscillation of 0 — (P, — P)(¢g — £g,)-
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The basic inequality for ERM

Let fe arg minsc x Pnls and f* € argming x Ply. (F=0,F =0, =0,

Then, the excess risk can be controlled as:

P(t; — bp-) = (P — Pn)(€; — Lp-) + Pn(l; — £r+)
<0

< sup |(Pn — P)(¢r — 45+)|
feF

< 2sup [(Py — P)f| .
feF

The statistical problem has become an empirical-process problem

Control a supremum indexed by the function class F.
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Why pointwise LLNs are not enough

Question: When will supc = |(Pn, — P)¢¢| — 0?

For every fixed f, (P, — P)¢s — 0 (by LLN).
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Why pointwise LLNs are not enough

Question: When will supc = |(Pn, — P)¢¢| — 0?
For every fixed f, (P, — P)¢s — 0 (by LLN).

But (P, — P){; need not be small; f is chosen after seeing the same data.

An extreme overfitting class >

Suppose Y € {0,1} isindependent of predic- overfit rule
tor Zand balanced. A class F able to label ev- : /
ery observed Z; arbitrarily can achieve

Lo(F) := Pal{f(2) # Y} = 0

N

while test error L(f) = P1{f(Z) # Y} is 1/2.

The class F was sorich that supsc £ [Lo(f) — L(f)| was not small.
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Uniform convergence implies consistency

Assume that 6 is well-separated, i.e.,

inf  {Ply — Plg,} >0 f >0,
d(e,'go)zn{ o — Plg,} or every 7

and

sup | (P, — P)lg| 2 0.
0co

Then every empirical minimizer §, satisfies

~

d(0p,6o) 50 as n—o .

If 6, stayed outside an 7-ball, its population loss would exceed the optimum by a fixed gap. Uni-
form approximation makes that impossible for the empirical loss.
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As 6, € © is well-separated: for every n > 0, Ay, = i“fd(&@o)zn{Pé@ - 'De"o} >0,

Note  Z,:=supseol|(Pn — P)ls| == 0.
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As 6y € © is well-separated: for every n > 0, Ay = infa(o,g)>n{Plo — Pla,} > 0,
Note Zy = supgee|(Pn — P)l| 0.

Fix7 > 0. Note that P(d(én, 0) > n) < P(Pfén — Ply, > An).

Note that
Pl — Plo, = (P — Pn)s + (Pnly — Palo,) + (Pn — P)lo, < 2Z.
N—_————
<Z, <0 <Z,
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As 6, € © is well-separated: for every n > 0, Ay = infa(o,g)>n{Plo — Pla,} > 0,
Note Zy = supgee|(Pn — P)l| 0.

Fix7 > 0. Note that P(d(én, 0) > n) < P(Pﬁén — Ply, > An).

Note that
Pl — Plo, = (P — Pn)s + (Pnly — Palo,) + (Pn — P)lo, < 2Z.
N—_————
<Z, <0 <Z,
Therefore,

P(d(é,,, 6y) > n) < P(Péén — Ply, > An> <PQZ, > A,) — 0,

asZ, = op(1),and A, > 0is fixed. Since this holds for every n > 0, the conclusion follows. I
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Fix a measurable function f satisfying 0 < f < 1, and write
W= Pf, Y = f(X) — pu.

ThenE[Y] =0,and Y € [—u, 1 — p], aninterval of length one.

Hoeffding’s lemma

Forevery A € R,

]E[e)‘y] < e,\z/s_
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Fix a measurable function f satisfying 0 < f < 1, and write
W= Pf, Y = f(X) — pu.

ThenE[Y] =0,and Y € [—u, 1 — p], aninterval of length one.

Hoeffding’s lemma

Forevery A € R,

]E[e)‘y] < e,\z/s_

Proof ideas: Define the log-moment-generating function  1(\) := log E[e*]; letY ~Q
Exponentially tilted distribution Q, : %(y) =exp{\y — (M)}
{Qx : A € R} is the exponential family generated by Y, and v is its log-partition function.
1. Show that P'(N) = Eq, [Y]. YP""(X\) = Varg, (Y).
2. Observe that exponential tilting does not change the support of Y, and prove Varg, (¥) < %.
3. Use(0) = ¢’(0) = 0and the bound ¢/ (\) < 1/4to concludethat  (\) < %2
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Hoeffding’s inequality

LetXi,...,X,beiid.Pandf: X — [0,1]. Then,

P{|(P, — P)f| > t} < 22",
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Hoeffding’s inequality
LetXi,...,X,beiid.Pandf: X — [0,1]. Then,

P{|(P, — P)f| > t} < 22",

Proof: Define Y .= f(X;) — Pf; thus (P, —P)f =231V

=

Forevery A > 0, Markov’s inequality and independence give

P{(P, — P)f > t} = P{Z v > nt} - P{eAZLY" > eA"f}
i=1

n
n A2
< e~ Ant E[eA > Y;] — g Ant HE[eAYf] < exp {—)\I’It + ng} ,
i=1

where the last step uses Hoeffding’s lemma.
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Hoeffding’s inequality

LetXi,...,X,beiid.Pandf: X — [0,1]. Then,

P{|(P, — P)f| > t} < 22",

Proof: Define Y .= f(X;) — Pf; thus (P, —P)f =231V

=

Forevery A > 0, Markov’s inequality and independence give

P{(P, — P)f > t} = P{Z v > nt} - P{eAZLY" > eA"f}
i=1

n
n A2
< e_)‘nt E[e)‘ > Y’] = e_knt HE[@AY’] < exp {—)\nt + ns} s
i=1

where the last step uses Hoeffding’s lemma. The exponent is minimized at A = 4t, and hence

P{(P, — P)f > t} < e 2"

Applying the same argumentto —VYi, ..., —Y, gives P{(P, — P)f < —t} < e 2
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Finite classes: uniform Hoeffding bound

Suppose |F| =Nand 0 < f < 1foreveryf € F. Then, forevery t > 0,

P(||P, — P|| » > t) < 2Ne™ 2"

log(2N/ &
Consequently, for every 6 € (0, 1), w.p. at least 1 — 9, |Pn — Pl £ < %.
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P(||P, — P|| » > t) < 2Ne™ 2"

log(2N/ &
Consequently, for every 6 € (0, 1), w.p. at least 1 — 9, |Pn — Pl £ < \/%.

Proof: For each f € F, Hoeffding’s inequality gives P(|(P, — P)f] > t) < 2e=2C,
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Finite classes: uniform Hoeffding bound

Suppose |F| =Nand 0 < f < 1foreveryf € F. Then, forevery t > 0,

P(||P, — P|| » > t) < 2Ne™ 2"

Consequently, for every 6 € (0, 1), w.p. at least 1 — 9, |Pn — Pl £ < \/%.
Proof: For each f € F, Hoeffding’s inequality gives P(|(P, — P)f] > t) < 2e=2C,

Since {lIPn = Pll = > t} = User {|(Pn — P)f| > t} , the union bound yields

]P’{HP,, — P||]__ > t} < Zze—zntz _ 2Ne_2”t2_
feFr

, . _ /iog(2n/5) , .
Finally, setting t =/ =857 makes the right-hand side equal to 4. O
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Finite classes: uniform Hoeffding bound

Suppose |F| =Nand 0 < f < 1foreveryf € F. Then, forevery t > 0,

P(||P, — P|| » > t) < 2Ne™ 2"

! 5
Consequently, for every 6 € (0,1), w.p. at least1 — 4, |Pn — Pl £ < %.
Proof: For each f € F, Hoeffding’s inequality gives P(|(P, — P)f] > t) < 2e=2C,

Since {lIPn = Pll = > t} = User {|(Pn — P)f| > t} , the union bound yields

P{||P, — P||]__ >t} < Zze—zntz _ 2Ne_2”f2_
feFr

Finally, setting t= M makes the right-hand side equal to J. O

Uniformly over N functions, the error is of order / '°g"', searching over the class costs

only a factor \/log N
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An infinite class can often be controlled by approximating it with finite sets at every resolution.
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An infinite class can often be controlled by approximating it with finite sets at every resolution.

d: F x F — [0,00) is a semimetric if, forevery f,g, h € F,
d(f,f)=0, d(f,g) =d(g,f), d(f,h) <d(f,g)+d(g,h).

Unlike a metric, it is possible that d(f, g) = 0 even though f # g.
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An infinite class can often be controlled by approximating it with finite sets at every resolution.

d: F x F — [0,00) is a semimetric if, forevery f,g, h € F,

d(f’ f) =0, d(fvg) = d(gvf)v d(f,h) < d(fvg) + d(gvh)'

Unlike a metric, it is possible that d(f, g) = 0 even though f # g.

e-nets and covering numbers
Afinite set 7. = {f1,...,fv} C Fisane-netof (F,d) if,
i ) < .
1r%anSnNd(f,f,) <eg, foreveryf € F
Equivalently, the balls  Bqy(f;, e) := {f € F : d(f,f;) <&} coverF.

The e-covering number N(e, F, d) is the smallest possible size of an e-net. Its logarithm,

log N(e, F,d),
is the metric entropy.
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A d-dimensional Euclidean ball
Let® := {0 € RY: |||, < R}. Then,

(g)dg N(e, O, [-[l,) < (1 + ?)d = <§)d

Consequently, logN(e, O, ||-||,) =< dlog(R/¢).

Dimension d enters linearly in the metric entropy.
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A d-dimensional Euclidean ball

Let© := {6 € RY : ||A||, < R}. Then,

(':)dg NG, ©, [11I,) < (1+ ?)d : (3;?)(1

Consequently, logN(e, O, ||-||,) =< dlog(R/¢).

Dimension d enters linearly in the metric entropy.

A nonparametric Lipschitz class

For 1-Lipschitzf : [0,1] — [0, 1],
log N(e, F, ||| o) = e

Much larger than any fixed-dimensional class.
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A d-dimensional Euclidean ball

Let© := {6 € RY : ||A||, < R}. Then,

(':)dg NG, ©, [11I,) < (1+ ?)d : (3;)(1

Consequently, logN(e, O, ||-||,) =< dlog(R/¢).

Dimension d enters linearly in the metric entropy.

A nonparametric Lipschitz class

For 1-Lipschitzf : [0,1] — [0, 1],
log N(e, F, ||| o) = e
Much larger than any fixed-dimensional class.

Entropy captures the effective dimension of a model at the resolution relevant for the data.
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Proof [covering a Euclidean ball]: Let
Bp=BI(R) = {0 cRY: 0], <R}, vgi= vol(Bg’(l)) = ol (Bg(r)) = vgr?.

To show: For0 < ¢ <R,

<R>d < N(z, Br, |Il,) < (1 - ZR)d : <3R)d
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Proof [covering a Euclidean ball]: Let
Be=BI(R) = {0 €RY: |0, <R}, vgi= vol(B;’(l)) = vol(Bg(r)) = vgr.

To show: For0 < € <R,

R d<N(sB ) < (14 2% T (R
g ) =PRI = € ~\e

Suppose that m balls of radius e cover Bg, i.e., By C anll BY(x;, €). Taking volumes,

m
vgRY < vol UBg(xhs)
j=1
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Proof [covering a Euclidean ball]: Let
Be=BI(R) = {0 €RY: |0, <R}, vgi= vol(B;’(l)) = vol(Bg(r)) = vgr.

To show: For0 < € <R,

R d<N(sB ) < (14 2% T (R
g ) =PRI = € ~\e

Suppose that m balls of radius e cover Bg, i.e., By C anll BY(x;, €). Taking volumes,

m m
vgR? < vol UBg(xhs) < Zvol(Bg(th)) = mv,e’.
=1 j=1

d d
R R
Thus, m > <€> = N(&,Bg, ||l,) > () .

€

15/31



Upper bound

Choose a maximal e-separated set

{01,...,0m} CBg: 16; — Okll, > € ( # k).
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Upper bound

Choose a maximal e-separated set
{01,,0m}CBR ||91_9k||2>5 (j#k)

Such a finite set exists because Bg is compact. Maximality implies that By C Ujll BY(0;,¢).
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Upper bound

Choose a maximal e-separated set

{01,...,0m} C Bg: 6 = Okll, > e (j #k).
Such a finite set exists because Bg is compact. Maximality implies that By C Ujll BY(0;,¢).

Moreover, the balls BS(6};, /2) are disjoint and are all contained in B(R + £/2). Thus,

d
de(E/Z)d < Vd(R+ E/Z)d = m< <1 =+ 2€R> .
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Upper bound

Choose a maximal e-separated set

{01,...,0m} C Bg: 6 = Okll, > e (j #k).
Such a finite set exists because Bg is compact. Maximality implies that By C Ujll BY(0;,¢).

Moreover, the balls BS(6};, /2) are disjoint and are all contained in B(R + £/2). Thus,
; d 2R\?
mvg(e/2)® <vg(R+¢/2) = m< (14 — )

As the e-balls {B§ (6}, )}, cover Br, N(e,Bg, ||-[l,) < (1+ ZE—R)d :
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Upper bound

Choose a maximal e-separated set
{01,...,0m} C Bg: 6 = Okll, > e (j #k).
Such a finite set exists because Bg is compact. Maximality implies that By C Ujll BY(0;,¢).

Moreover, the balls BS(6};, /2) are disjoint and are all contained in B(R + £/2). Thus,
; d 2R\?
mvg(e/2)® <vg(R+¢/2) = m< (14 — )

As the e-balls {B§ (6}, )}, cover Br, N(e,Bg, ||-[l,) < (1+ ZE—R)d :
For0 < ¢ < R, taking logarithms gives
R 3R
dlog = < log N(e, B, [|-|,) < dlog —.
€ €

Hence the metric entropy is of order d log(R/¢).
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Example 1: Absolute deviations about the sample mean

LetX, X, ..., X, =" PonR, with p=EX,  02:=Var(X) < oo.

Consider
1o _
M”::EZ;‘X"*X”L M:=E[X — pl.
i=
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1. Does M, Pom

2. What is the limiting distribution of \/n(M, — M)?
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Consider
1o _
M”::EZ;‘X"*X”L M:=E[X — pl.
i=

1. Does M, Pom

2. What is the limiting distribution of \/n(M, — M)?

Complication: The centering point X, is selected from the same observations that are used to
compute M,. Thus the summands |X; — X,| are dependent.
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Example 1: Absolute deviations about the sample mean

LetX, X, ..., X, =" PonR, with p=EX,  02:=Var(X) < oo.

Consider
1o _
M”::EZ;‘X"*X”L M:=E[X — pl.
i=

1. Does M, Pom

2. What is the limiting distribution of \/n(M, — M)?

Complication: The centering point X, is selected from the same observations that are used to
compute M,. Thus the summands |X; — X,| are dependent.

Defining fr(x) == |x — ¢, note that M, = Pyfy M = Pf,.
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A direct proof: M, — M almost surely

Recall
fr(x) == |x — t, M, = Pafy,, M = Pf,.
Since EX? < oo, we have E|X — | < oc. Thus, by the strong LNNs

n

Pof, = ;; i —p| — Pf,=M  as.
By the reverse triangle inequality, for every x € R,
Iz, (%) = .00 =[x = Xal = |x = pl| < |Xo — pal.
Therefore,
My — Pofu| = |Pa(fy, = fu)| < Palfy, = ful <Ko —p[ —0  as.

Combining the two limits,

] My — M| < [My — Pof,| + |Paf, — P, | — 0 a.s. \
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An alternate proof

An alternate proof: Fix R > 0 and define  ©z :=[u—R,u+R], Fr:={fi: t € Op}.

Result: We will first show that Pn — Pl £, := sup¢cey |(Pn — P)ft| = 0p(1).
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An alternate proof

An alternate proof: Fix R > 0 and define  ©z :=[u—R,u+R], Fr:={fi: t € Op}.

Result: We will first show that Pn — Pl £, := sup¢cey |(Pn — P)ft| = 0p(1).

Mn_M:Pnf)_(_Pfu: (Pn_P)f)_( +P(f)_(_f#)'
Idea: g 2 —

empirical-processterm  population term
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An alternate proof

An alternate proof: Fix R > 0 and define  ©z :=[u—R,u+R], Fr:={fi: t € Op}.

Result: We will first show that Pn — Pl £, := sup¢cey |(Pn — P)ft| = 0p(1).

dea: My —M=Pyfy —Pf, = (Py—P)fy, + P(fy —Ff.) .
empirical-processterm  population term

Define the localization event Angr = {|Xn — p| <R} = {X, € Og}.

Since Var(X,) = 0%/n, Chebyshev’s inequality gives P(A7 z) < % — 0.

On A, r, the random function fy belongs to 7, so |(Pn = P)fx,| < |IPn— Pl £, -
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An alternate proof: Fix R > 0 and define  ©z :=[u—R,u+R], Fr:={fi: t € Op}.

Result: We will first show that Pn — Pl £, := sup¢cey |(Pn — P)ft| = 0p(1).
Mn—MZPnf)‘( —Pfﬂz (Pn—P)f)—( + P(f)—( —f#) .

Idea: " 2 A,_/

empirical-processterm  population term

Define the localization event Anr = {Xs — | <R} = {X, € O}

Since Var(X,) = 02 /n, Chebyshev’s inequality gives P(A7 z) < % — 0.

On A, r, the random function fy belongs to 7, so |(Pn = P)fx,| < |IPn— Pl £, -

Also, by the reverse triangle inequality, |P(fy, — )] < Plfy, — ful < [Xa — pl.

Consistency of M,,: for every n > 0

P{|M, — M| > n} < P(AS 5) —HP’{HP,, — P, > g} +P{p‘(n —ul > g} 0. o



The local uniform bound we will prove

Recall fi(x) :=|x —t|. FixR > 0and define O :=[u — R, u+ R], Fr:={fr: t € Og}.
Forevery0 < € <R, let
2R
N :=N(g,©g, |- ]) < 1+?.
Then
o 2 log(2N.)
E Py — Pl 5, < %+25+2R —
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2R

Ne :=N(g,©g,|-|) <1+ —

Then

2 log(2N,

E [Py — Pz, < —=+2c+2R 2log(2Ne)
vn n

Ingredients
The proof uses: covering numbers + Hoeffding’sinequality + aunion bound.
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Define the increment
ge(x) == fe(x) — fu(x) = [x — t] — [x — pl.

so that
(Pn — P)ft = (Pn — P)fy + (Pn — P)gt.

The increments are bounded and Lipschitz

Foreveryx € Rands,t € O, the reverse triangle inequality gives  |g¢(x)| < |t — p] < Rand
19(x) = gs(¥)| = [Ix — t| = lx = s|| < |t —s].

Therefore
19t — gslloo < [t =]
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Define the increment
ge(x) == fe(x) — fu(x) = [x — t] — [x — pl.

so that
(Pn — P)ft = (Pn — P)fy + (Pn — P)gt.

The increments are bounded and Lipschitz

Foreveryx € Rands,t € O, the reverse triangle inequality gives  [g¢(x)| < |t — p] < Rand
19(x) = gs(¥)| = [Ix — t| = lx = s|| < |t —s].

Therefore
19t — Gslloo < [t —s].

2R
Consequently, N(e,{gt:t € ©r},|I'll) S N(e, g, |-|) <1+ —

Key point

Hoeffding’s inequality will be applied to the bounded increments g, not to the unbounded f;.
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Approximate the infinite class by one finite net

Let 7. C ©g be an e-net satisfying |Te| = N. <14 £,
For each t € ©g, choose 7. (t) € 7. such that |t — ()] < e.
Define the maximum over the finite net: Z. := maxseT. |(Pn — P)gs|.
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Approximate the infinite class by one finite net

Let 7. C ©g be an e-net satisfying |Te| = N. <14 £,
For each t € ©g, choose 7. (t) € 7. such that |t — ()] < e.
Define the maximum over the finite net: Z. := maxseT. |(Pn — P)gs|.

Foreveryt € O,
|(Pn = P)gtl| < [(Pn = P)gr ()| + [(Pn — P)(9t — Ir.v))
<Zo+ (Po+P)gt — Gr. )] < Zc + 2¢.
Therefore

sup |(Pp — P)g¢| < Z. + 2e.
teOpr

What happened?
We reduced the supremum over an infinite class to a maximum over N, functions, at the cost of
an approximation error 2e.
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Control the finite net: Hoeffding and a union bound

For every fixed s € 7Tz, —R < gs(x) <R.

Thus gs(-) takes values in an interval of length at most 2R.
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Hoeffding’s inequality gives

nu?
P(‘(PH—P)95‘>U)§2GXP _ﬁ .
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Control the finite net: Hoeffding and a union bound

For every fixed s € 7Tz, —R < gs(x) <R.
Thus gs(-) takes values in an interval of length at most 2R.
Hoeffding’s inequality gives

nu?
P (|(Py — P)gs| > u) < 2exp TR (-

Since {Ze > u} = User {I(Pn — P)gs| > u}, the union bound implies

P{Z. > u} < S P{|(Py — P)gs| > u} < 2N. exp {—””Z } .

2R?
seT.

Complexity penalty

The number of net points enters through the multiplicative factor N., which will become /log N

after converting the tail bound into an expectation.
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From the tail bound to an expected maximum

>et 2log(2N.) 2
og na
a. =R — - = 2N, exp{zRg} =1

Using EZ. = [~ P(Z- > u)du,

o) nu2
E25§05+L ZNEEXp{—zRZ}dU.

€
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From the tail bound to an expected maximum

>et 2log(2N.) 2
og na
a. =R — - = 2N, exp{zRg} =1

Using EZ. = [~ P(Z- > u)du,

o) nu2
E25§05+L ZNEEXp{—zRZ}dU.

€

Foru > a.,
V¥ —at=w-a)(u+ta:)>2a.(u—a.).
Therefore
o0 2 2 o0 2 RZ
/ 2N_e "/ CR) gy < / e e (u—ae)/R" gy — <a..
o o na.
Hence
2 log(2N
EZ. < 2a. = 2R y.
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From the approximation by the net, Esupco, [(Pn — P)gt| < 2 +2Ry/ M.
Now recall that (Pn — P)ft = (Pn — P)f, + (Pn — P)gt.
For the single unbounded anchor,

E|(Py — PYf| < /(P — P} = m <o

Combining the two bounds,

2 log(2N,
E [Py~ Py, < —=+2c+2R 2log(2N:)

7

Choosing ¢ = R/+/n, forwhich N, < 14-2y/n,gives  E|P, —P||z, =0 (% Vn'°g”> .

Preview of Lecture 2

The extra /log n is the price of using only one fine net. Chaining will combine many resolutions
and remove this loss.
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The central limit theorem: a random-index obstacle

Recall
Mo=Pafy,  M=Ph, () =|x—t|.
Let
Y(t) := Pfy = E|X — t|.
Then

ﬁ(Mn - M) = ﬁ{Pnf)‘(n - Pfu}
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The central limit theorem: a random-index obstacle

Recall
Mn:Pnf)'(n, M:me ft(X) = |X7t‘.
Let
Y(t) := Pfy = E|X — t|.
Then
ﬁ(Mn — M) = ﬁ{Pnf)‘(n — Pfu} = an)—(n + P(f)—(” — f#)
= Gt +Galfy, = fu) + Vn{v:(Xn) — ¥(u)} .
ordinary empirical average By population plug-in term
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The central limit theorem: a random-index obstacle

Recall
Mn:Pnf)'(n7 M:me ft(X) = |X*l".
Let
Y(t) := Pfy = E|X — t|.
Then
ﬁ(Mn — M) = ﬁ{Pnf)‘(n — Pfu} = an)—(n + P(f)—(n — f#)
= anu + Gn(f)_(n - fu) + ﬁ{w()_(n) - w(ﬂ)} .
ordinary empirical average By population plug-in term

Standard terms The missing term

The first term is handled by the ordinary CLT. =~ We must show
The third term can be treated by the delta

method once ¢ is differentiable at (. By = Gi(fy, = fu) = 0p(1).
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Asymptotic equicontinuity

Let {Z,(f) : f € F} be astochastic process and let d be a semimetric on F. Define its local
oscillation at fy by

wp(d;fo) == sup |Zy(F) — Zy(Fo)]-
d(ffo) <5

The process Z, is asymptotically equicontinuous at fy if, for every n > 0,

lim limsup P{wn(0;fy) > n} =0.
310 n—oo
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Asymptotic equicontinuity

Let {Z,(f) : f € F} be astochastic process and let d be a semimetric on F. Define its local
oscillation at fy by

wp(d;fo) == sup |Zy(F) — Zy(Fo)]-
d(ffo) <5

The process Z, is asymptotically equicontinuous at fy if, for every n > 0,

lim limsup P{wn(0;fy) > n} =0.
310 n—oo

It d(f,, fo) L5 0andz,is asymptotically equicontinuous at fo, then  Z,(f,) — Z,(fo) = op(1).

Proof: For every §,n > 0,

P{|Z,(F)) — Zo(fo)| > 0} < P{d(Fn, fy) > 0} + P{wa(0;fo) > n}.

For fixed 9, the first probability tends to zero. Taking lim sup,,_, .. and then letting § | 0 proves

the claim.
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Back to Example 1

For the absolute-loss class, use the population L, semimetric
de(f,g) = ||f_g||P,2 = {P(f_g)z}l/z-
Triangle inequality gives, for every x € R, fo(x) = fe(x)| =[x —s| = [x = t|| < |s —t].

Therefore
dp(fs, fr) < |s —t.
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Back to Example 1

For the absolute-loss class, use the population L, semimetric
de(f,g) = |If = gll,, = {P(f — g)*}'/2.

Triangle inequality gives, for every x € R, fo(x) = fe(x)| =[x —s| = [x = t|| < |s —t].
Therefore
dp(fs, f) < '|s — t].

Asymptotic equicontinuity of the empirical process

Since X, — 11, we obtain dp(fy,, ) < [Xn — uf 0.
Hence, if the empirical process Z,(f) := G,f is asymptotically equicontinuous at f,,, then

Ga(f, —fu) = or(1),
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Back to Example 1

For the absolute-loss class, use the population L, semimetric
de(f,g) = |If = gll,, = {P(f — g)*}'/2.

Triangle inequality gives, for every x € R, fo(x) = fe(x)| =[x —s| = [x = t|| < |s —t].
Therefore
dp(fs, f) < '|s — t].

Asymptotic equicontinuity of the empirical process

Since X, — 11, we obtain dp(fy,, ) < [Xn — uf 0.
Hence, if the empirical process Z,(f) := G,f is asymptotically equicontinuous at f,,, then
Gn(fy, — fu) = op(1),

i.e., foreveryn >0, limgyo limsup,_, o P {sup‘tfﬂ‘g(; |Gn(fe — fu)] > n} =0.
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The population term: differentiate

Assume that the distribution of X ~ F has a Lebesgue density. Recall that
U(t) = Pfe = E[IX — t]].

Then, simple algebra gives (HW: show this)
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The population term: differentiate

Assume that the distribution of X ~ F has a Lebesgue density. Recall that
U(t) = Pfe = E[IX — t[].
Then, simple algebra gives (HW: show this)

Write

Since

the delta method gives

V) — (0} = ava(® — 1) + 0z (1).
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The CLT, assuming asymptotic equicontinuity

Assume: EX? < o, F is abs. continuous, and G, is asymptotically equicontinuous at f,.

Vn(My — M) = Gnfy, + Ga(fy, — fu) +av/n(Xy — 12) + 0p(1)
—_————

Op(l)

= \% Z o(Xi) + op(1),

where
P(x) = |x—p[—M+alx—p),  a=2F(u)-1
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The CLT, assuming asymptotic equicontinuity

Assume: EX? < o, F is abs. continuous, and G, is asymptotically equicontinuous at f,.

Vn(My — M) = Gnfy, + Ga(fy, — fu) +av/n(Xy — 12) + 0p(1)
—_————

Op(l)

= \% Z o(Xi) + op(1),

where
P(x) = |x—p[—M+alx—p),  a=2F(u)-1

Since E¢(X) = 0 and E¢?(X) < oo, the ordinary CLT yields

VM, — M) % N0, 72),

where

7 = Var([X — | + {2F () — L}(X — ). /



Why the one-net bound does not establish the needed equicontinuity

Recall g;:=f—f,, andford >0,0s:=[u—0d,p+ 0], Gs :={9g::t€Bs},and
Wa(0) := ||Gn||g5 = sup |Gngt|.
teBy

To control
B, = Gn(f)'(n —fu) = Gn9x,

it is enough to show (via Markov’s inequality) lims o lim sup,_, oo EW,(6) = 0.
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Why the one-net bound does not establish the needed equicontinuity

Recall g;:=f—f,, andford >0,0s:=[u—0d,p+ 0], Gs :={9g::t€Bs},and
Wa(0) := ||(G’n||g(s = sup |Gpgyl.
teBy

To control
B, = Gn(f)'(n —fu) = Gn9x,

it is enough to show (via Markov’s inequality) lims o lim sup,_, oo EW,(6) = 0.

The one-net part of the preceding proof, applied with R = §, gives, for every 0 < ¢ < 9,

2
EW,(8) < 2v/ne +251/2log(2N.), where Ne :=N(g,0s,|-]) <14 ?5

Takinge = §/+/n, so that N. < 1+ 2+/n, yields EW,(8) < §+/logn.

The problem

For every fixed 6 > 0, this upper bound does not tend to zero as n — oo. Thus the one-net
estimate fails to establish the asymptotic equicontinuity needed for the CLT.
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