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1933

Glivenko–Cantelli
uniform LLN

1933–48

Kolmogorov–Smirnov
goodness-of-fit

1952

Donsker’s CLT

1970s

Dudley’s chain-
ing; VC theory

1980s–90s

Pollard; Talagrand’s
modern EP toolkit

Today

Learning the-
ory, HD statistics,
semiparametrics

Let X1, . . . , Xn be i.i.d. r.v.’s on R with cdf F, and define:

Fn(t) =
1
n

n∑
i=1

1{Xi ≤ t} Gn(t) =
√

n{Fn(t)− F(t)}

Pointwise law of large numbers

Fn(t) −→ F(t) a.s.

Pointwise central limit theorem

Gn(t)
d→ N(0, F(t){1− F(t)}).

Question: Consider testing H0 : F = F0, versus H1 : F 6= F0, using the test-statistic

Kn :=
√

n ‖Fn − F0‖∞ =
√

n sup
t∈R
|Fn(t)− F0(t)| =: ‖Gn‖∞ (under H0).

Reject H0 when Kn is large (but how large?). We need uniform versions of the LLN and the CLT?
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Glivenko–Cantelli (uniform LLN)

‖Fn − F‖∞ ≡ sup
t∈R
|Fn(t)− F(t)| −→ 0 a.s.

Donsker (functional CLT)

Gn ≡
√

n(Fn − F)
d→ U ◦ F in `∞(R)

where U is a Brownian bridge

GC: consistency of the KS test
Set Dn := ‖Fn − F0‖∞. Under H0, Dn → 0. Un-
der a fixed alternative with cdf G 6= F0,

Dn −→ ‖G− F0‖∞ > 0 ⇒
√

nDn →∞.

Thus the test is consistent.

Donsker: the KS null law
If F0 is continuous, then, under H0,

√
nDn ≡ sup

t∈R
|Gn(t)| d→ sup

0≤u≤1
|U(u)|,

which is distribution-free.

The continuous mapping theorem, which says that for every sup-norm-continuous γ,

γ(Gn)
d→ γ(U ◦ F)

makes the classical empirical process result so useful

Question: What happens when Xi is not real-valued and want to go beyond indicator funtions?
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The general empirical measure and empirical process

Suppose X ∼ P onX . For measurable f : X → R, write

Pf =

∫
f (x)dP(x) = E[f (X)], Pnf =

1
n

n∑
i=1

f (Xi), Gnf =
√

n(Pn − P)f .

For a function classF ,

‖Pn − P‖F := sup
f∈F
|(Pn − P)f |, ‖Gn‖F := sup

f∈F
|Gnf |.

Two master questions

1. When does ‖Pn − P‖F → 0? (uniform LLN / GC)

2. When does Gn converge as a random element of `∞(F)? (functional CLT / Donsker)

`∞(F): the space of all bounded real-valued functions onF (e.g.,F = {1(−∞,t](·) : t ∈ R})
equipped with the sup norm ‖z‖F = supf∈F |z(f )|.
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M-estimation = empirical risk minimization

`θ : X → R be a loss function with θ ∈ Θ (parameter space). Define:

θ̂n ∈ arg min
θ∈Θ

Pn`θ, θ0 ∈ arg min
θ∈Θ

P`θ.

Problem Loss / criterion Search class

Maximum likelihood `θ(x) = − log pθ(x) Parametric densities
Location / quantile |x − θ| or check loss θ ∈ R
Regression (y − f (z))2 or |y − f (z)| Linear, smooth, neural-nets
Classification 1{g(z) 6= y} or surrogate loss Halfspaces, trees, kernels
Shape-constrained density − log f (x) Monotone, log-concave

Classical statistics
θ0 is a model parameter; goals are consistency,
rate, and limiting distribution of θ̂n.

Statistical learning
The model may be misspecified; the main tar-
get is excess risk P`θ̂n

− infθ∈Θ P`θ.
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The four statistical questions

1. Consistency: does d(θ̂n, θ0)→ 0?

2. Rate: how large is d(θ̂n, θ0) at sample size n?

3. Limit law: what is the distribution of a normalized error?

4. Prediction / decision quality: how large is the excess risk, with high probability?

Two ingredients appear again and again

I Deterministic geometry: identification and curvature of θ 7→ P`θ.

I Stochastic geometry: oscillation of θ 7→ (Pn − P)(`θ − `θ0 ).
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The basic inequality for ERM

Let f̂ ∈ arg minf∈F Pn`f and f∗ ∈ arg minf∈F P`f . (f ≡ θ,F ≡ Θ, f∗ ≡ θ0)

Then, the excess risk can be controlled as:

P(`f̂ − `f∗) = (P− Pn)(`f̂ − `f∗) + Pn(`f̂ − `f∗)︸ ︷︷ ︸
≤0

≤ sup
f∈F
|(Pn − P)(`f − `f∗)|

≤ 2 sup
f∈F
|(Pn − P)`f | .

The statistical problem has become an empirical-process problem
Control a supremum indexed by the function classF .
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Why pointwise LLNs are not enough

Question: When will supf∈F |(Pn − P)`f | → 0?

For every fixed f , (Pn − P)`f → 0 (by LLN).

But (Pn − P)`f̂ need not be small; f̂ is chosen a�er seeing the same data.

An extreme overfitting class
Suppose Y ∈ {0, 1} is independent of predic-
tor Z and balanced. A classF able to label ev-
ery observed Zi arbitrarily can achieve

Ln(f ) := Pn1{f (Z) 6= Y} = 0

while test error L(f ) = P1{f (Z) 6= Y} is 1/2.

The classF was so rich that supf∈F |Ln(f )− L(f )| was not small.
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Uniform convergence implies consistency
Assume that θ0 is well-separated, i.e.,

inf
d(θ,θ0)≥η

{P`θ − P`θ0} > 0 for every η > 0,

and
sup
θ∈Θ
|(Pn − P)`θ|

P−→ 0.

Then every empirical minimizer θ̂n satisfies

d(θ̂n, θ0)
P→ 0 as n→∞.

Proof idea

If θ̂n stayed outside an η-ball, its population loss would exceed the optimum by a fixed gap. Uni-
form approximation makes that impossible for the empirical loss.
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Proof.

As θ0 ∈ Θ is well-separated: for every η > 0, ∆η := infd(θ,θ0)≥η
{

P`θ − P`θ0

}
> 0,

Note Zn := supθ∈Θ

∣∣(Pn − P)`θ
∣∣ P−→ 0.

Fix η > 0. Note that P
(

d(θ̂n, θ0) ≥ η
)
≤ P

(
P`θ̂n
− P`θ0 ≥ ∆η

)
.

Note that
P`θ̂n
− P`θ0 = (P− Pn)`θ̂n︸ ︷︷ ︸

≤Zn

+
(

Pn`θ̂n
− Pn`θ0

)︸ ︷︷ ︸
≤0

+ (Pn − P)`θ0︸ ︷︷ ︸
≤Zn

≤ 2Zn.

Therefore,

P
(

d(θ̂n, θ0) ≥ η
)
≤ P

(
P`θ̂n
− P`θ0 ≥ ∆η

)
≤ P(2Zn ≥ ∆η) −→ 0,

as Zn = oP(1), and ∆η > 0 is fixed. Since this holds for every η > 0, the conclusion follows.
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Fix a measurable function f satisfying 0 ≤ f ≤ 1, and write

µ := Pf , Y := f (X)− µ.

Then E[Y] = 0, and Y ∈ [−µ, 1− µ], an interval of length one.
Hoe�ding’s lemma

For every λ ∈ R,
E
[

eλY] ≤ eλ
2/8.

Proof ideas: Define the log-moment-generating function ψ(λ) := logE
[

eλY]; let Y ∼ Q
Exponentially tilted distribution Qλ : dQλ

dQ (y) = exp{λy − ψ(λ)}.
{Qλ : λ ∈ R} is the exponential family generated by Y , and ψ is its log-partition function.

1. Show that ψ′(λ) = EQλ [Y], ψ′′(λ) = VarQλ(Y).

2. Observe that exponential tilting does not change the support of Y , and prove VarQλ(Y) ≤ 1
4 .

3. Use ψ(0) = ψ′(0) = 0 and the bound ψ′′(λ) ≤ 1/4 to conclude that ψ(λ) ≤ λ2

8 .
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Hoe�ding’s inequality
Let X1, . . . , Xn be i.i.d. P and f : X → [0, 1]. Then,

P{|(Pn − P)f | > t} ≤ 2e−2nt2
.

Proof: Define Yi := f (Xi)− Pf ; thus (Pn − P)f = 1
n
∑n

i=1 Yi.

For every λ > 0, Markov’s inequality and independence give

P{(Pn − P)f > t} = P

{
n∑

i=1
Yi > nt

}
= P

{
eλ

∑n
i=1 Yi > eλnt

}
≤ e−λnt E[eλ

∑n
i=1 Yi ] = e−λnt

n∏
i=1

E[eλYi ] ≤ exp

{
−λnt +

nλ2

8

}
,

where the last step uses Hoe�ding’s lemma. The exponent is minimized at λ = 4t, and hence

P{(Pn − P)f > t} ≤ e−2nt2
.

Applying the same argument to−Y1, . . . ,−Yn gives P{(Pn − P)f < −t} ≤ e−2nt2
.
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Finite classes: uniform Hoe�ding bound
Suppose |F| = N and 0 ≤ f ≤ 1 for every f ∈ F . Then, for every t > 0,

P(‖Pn − P‖F > t) ≤ 2Ne−2nt2
.

Consequently, for every δ ∈ (0, 1), w.p. at least 1− δ, ‖Pn − P‖F ≤
√

log(2N/δ)
2n .

Proof: For each f ∈ F , Hoe�ding’s inequality gives P(|(Pn − P)f | > t) ≤ 2e−2nt2
.

Since {‖Pn − P‖F > t} =
⋃

f∈F {|(Pn − P)f | > t} , the union bound yields

P{‖Pn − P‖F > t} ≤
∑
f∈F

2e−2nt2
= 2Ne−2nt2

.

Finally, setting t =
√

log(2N/δ)
2n makes the right-hand side equal to δ.

Uniformly over N functions, the error is of order
√

log N
n ; searching over the class costs

only a factor
√

log N
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An infinite class can o�en be controlled by approximating it with finite sets at every resolution.

Semimetric
d : F × F → [0,∞) is a semimetric if, for every f , g, h ∈ F ,

d(f , f) = 0, d(f , g) = d(g, f), d(f , h) ≤ d(f , g) + d(g, h).

Unlike a metric, it is possible that d(f , g) = 0 even though f 6= g.

ε-nets and covering numbers
A finite setFε = {f1, . . . , fN} ⊆ F is an ε-net of (F , d) if,

min
1≤j≤N

d(f , fj) ≤ ε, for every f ∈ F .

Equivalently, the balls Bd(fj, ε) := {f ∈ F : d(f , fj) ≤ ε} coverF .

The ε-covering number N(ε,F , d) is the smallest possible size of an ε-net. Its logarithm,

log N(ε,F , d),
is the metric entropy.

13/31



An infinite class can o�en be controlled by approximating it with finite sets at every resolution.

Semimetric
d : F × F → [0,∞) is a semimetric if, for every f , g, h ∈ F ,

d(f , f) = 0, d(f , g) = d(g, f), d(f , h) ≤ d(f , g) + d(g, h).

Unlike a metric, it is possible that d(f , g) = 0 even though f 6= g.

ε-nets and covering numbers
A finite setFε = {f1, . . . , fN} ⊆ F is an ε-net of (F , d) if,

min
1≤j≤N

d(f , fj) ≤ ε, for every f ∈ F .

Equivalently, the balls Bd(fj, ε) := {f ∈ F : d(f , fj) ≤ ε} coverF .

The ε-covering number N(ε,F , d) is the smallest possible size of an ε-net. Its logarithm,

log N(ε,F , d),
is the metric entropy.

13/31



An infinite class can o�en be controlled by approximating it with finite sets at every resolution.

Semimetric
d : F × F → [0,∞) is a semimetric if, for every f , g, h ∈ F ,

d(f , f) = 0, d(f , g) = d(g, f), d(f , h) ≤ d(f , g) + d(g, h).

Unlike a metric, it is possible that d(f , g) = 0 even though f 6= g.

ε-nets and covering numbers
A finite setFε = {f1, . . . , fN} ⊆ F is an ε-net of (F , d) if,

min
1≤j≤N

d(f , fj) ≤ ε, for every f ∈ F .

Equivalently, the balls Bd(fj, ε) := {f ∈ F : d(f , fj) ≤ ε} coverF .

The ε-covering number N(ε,F , d) is the smallest possible size of an ε-net. Its logarithm,

log N(ε,F , d),
is the metric entropy.

13/31



A d-dimensional Euclidean ball

Let Θ := {θ ∈ Rd : ‖θ‖2 ≤ R}. Then,(
R
ε

)d

≤ N(ε,Θ, ‖·‖2) ≤
(

1 +
2R
ε

)d

≤
(

3R
ε

)d

Consequently, log N(ε,Θ, ‖·‖2) � d log(R/ε).

Dimension d enters linearly in the metric entropy.

A nonparametric Lipschitz class
For 1-Lipschitz f : [0, 1]→ [0, 1],

log N(ε,F , ‖·‖∞) � ε−1.

Much larger than any fixed-dimensional class.

Entropy captures the e�ective dimension of a model at the resolution relevant for the data.
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Proof [covering a Euclidean ball]: Let

BR ≡ Bd
2(R) := {θ ∈ Rd : ‖θ‖2 ≤ R}, vd := vol

(
Bd

2(1)
)

⇒ vol
(

Bd
2(r)

)
= vdrd.

To show: For 0 < ε ≤ R,(
R
ε

)d

≤ N(ε,BR, ‖·‖2) ≤
(

1 +
2R
ε

)d

≤
(

3R
ε

)d

Lower bound

Suppose that m balls of radius ε cover BR, i.e., BR ⊆
⋃m

j=1 Bd
2(xj, ε). Taking volumes,

vdRd ≤ vol

 m⋃
j=1

Bd
2(xj, ε)

 ≤ m∑
j=1

vol
(

Bd
2(xj, ε)

)
= mvdε

d.

Thus, m ≥
(

R
ε

)d

⇒ N(ε,BR, ‖·‖2) ≥
(

R
ε

)d

.
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Upper bound
Choose a maximal ε-separated set

{θ1, . . . , θm} ⊂ BR : ‖θj − θk‖2 > ε (j 6= k).

Such a finite set exists because BR is compact. Maximality implies that BR ⊆
⋃m

j=1 Bd
2(θj, ε).

Moreover, the balls Bd
2(θj, ε/2) are disjoint and are all contained in Bd

2(R + ε/2). Thus,

mvd(ε/2)d ≤ vd(R + ε/2)d ⇒ m ≤
(

1 +
2R
ε

)d

.

As the ε-balls {Bd
2(θj, ε)}m

j=1 cover BR, N(ε,BR, ‖·‖2) ≤
(

1 + 2R
ε

)d
.

For 0 < ε ≤ R, taking logarithms gives

d log
R
ε
≤ log N(ε,BR, ‖·‖2) ≤ d log

3R
ε
.

Hence the metric entropy is of order d log(R/ε).
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Example 1: Absolute deviations about the sample mean

Let X, X1, . . . , Xn
i.i.d.∼ P on R, with µ := EX, σ2 := Var(X) <∞.

Consider

Mn :=
1
n

n∑
i=1
|Xi − X̄n|, M := E|X − µ|.

Two questions

1. Does Mn
P−→ M?

2. What is the limiting distribution of
√

n(Mn − M)?

Complication: The centering point X̄n is selected from the same observations that are used to
compute Mn. Thus the summands |Xi − X̄n| are dependent.

Defining ft(x) := |x − t|, note that Mn = PnfX̄n
, M = Pfµ.
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A direct proof: Mn → M almost surely

Recall
ft(x) := |x − t|, Mn = PnfX̄n

, M = Pfµ.

Since EX2 <∞, we have E|X − µ| <∞. Thus, by the strong LNNs

Pnfµ =
1
n

n∑
i=1
|Xi − µ| −→ Pfµ = M a.s.

By the reverse triangle inequality, for every x ∈ R,

|fX̄n
(x)− fµ(x)| =

∣∣|x − X̄n| − |x − µ|
∣∣ ≤ |X̄n − µ|.

Therefore,

|Mn − Pnfµ| =
∣∣Pn(fX̄n

− fµ)
∣∣ ≤ Pn|fX̄n

− fµ| ≤ |X̄n − µ| −→ 0 a.s.

Combining the two limits,

|Mn − M| ≤ |Mn − Pnfµ|+ |Pnfµ − Pfµ| −→ 0 a.s.
18/31



An alternate proof

An alternate proof: Fix R > 0 and define ΘR := [µ− R, µ+ R], FR := {ft : t ∈ ΘR}.

Result: We will first show that ‖Pn − P‖FR
:= supt∈ΘR

|(Pn − P)ft| = oP(1).

Idea:
Mn − M = PnfX̄n

− Pfµ = (Pn − P)fX̄n︸ ︷︷ ︸
empirical-process term

+ P(fX̄n
− fµ)︸ ︷︷ ︸

population term

.

Define the localization event An,R := {|X̄n − µ| ≤ R} = {X̄n ∈ ΘR}.

Since Var(X̄n) = σ2/n, Chebyshev’s inequality gives P(Ac
n,R) ≤ σ2

nR2 −→ 0.

On An,R, the random function fX̄n
belongs toFR, so |(Pn − P)fX̄n

| ≤ ‖Pn − P‖FR
.

Also, by the reverse triangle inequality, |P(fX̄n
− fµ)| ≤ P|fX̄n

− fµ| ≤ |X̄n − µ|.
Consistency of Mn: for every η > 0

P{|Mn − M| > η} ≤ P(Ac
n,R) + P

{
‖Pn − P‖FR

>
η

2

}
+ P

{
|X̄n − µ| >

η

2

}
−→ 0.
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Since Var(X̄n) = σ2/n, Chebyshev’s inequality gives P(Ac
n,R) ≤ σ2

nR2 −→ 0.

On An,R, the random function fX̄n
belongs toFR, so |(Pn − P)fX̄n

| ≤ ‖Pn − P‖FR
.

Also, by the reverse triangle inequality, |P(fX̄n
− fµ)| ≤ P|fX̄n

− fµ| ≤ |X̄n − µ|.
Consistency of Mn: for every η > 0

P{|Mn − M| > η} ≤ P(Ac
n,R) + P

{
‖Pn − P‖FR

>
η

2

}
+ P

{
|X̄n − µ| >

η

2

}
−→ 0.
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The local uniform bound we will prove

Recall ft(x) := |x − t|. Fix R > 0 and define ΘR := [µ− R, µ+ R], FR := {ft : t ∈ ΘR}.

Result
For every 0 < ε ≤ R, let

Nε := N(ε,ΘR, | · |) ≤ 1 +
2R
ε
.

Then

E ‖Pn − P‖FR
≤ σ√

n
+ 2ε+ 2R

√
2 log(2Nε)

n
.

Ingredients
The proof uses: covering numbers + Hoe�ding’s inequality + a union bound.

In particular, choosing ε = R√
n gives E ‖Pn − P‖FR

= O
(
σ + R

√
log n√

n

)
−→ 0.

Since R > 0 is fixed, Markov’s inequality gives ‖Pn − P‖FR
= oP(1).
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Define the increment
gt(x) := ft(x)− fµ(x) = |x − t| − |x − µ|.

so that
(Pn − P)ft = (Pn − P)fµ + (Pn − P)gt.

The increments are bounded and Lipschitz
For every x ∈ R and s, t ∈ ΘR, the reverse triangle inequality gives |gt(x)| ≤ |t − µ| ≤ R and

|gt(x)− gs(x)| =
∣∣|x − t| − |x − s|

∣∣ ≤ |t − s|.

Therefore
‖gt − gs‖∞ ≤ |t − s|.

Consequently, N (ε, {gt : t ∈ ΘR}, ‖·‖∞) ≤ N(ε,ΘR, | · |) ≤ 1 +
2R
ε
.

Key point
Hoe�ding’s inequality will be applied to the bounded increments gt, not to the unbounded ft.
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Approximate the infinite class by one finite net

Let Tε ⊂ ΘR be an ε-net satisfying |Tε| =: Nε ≤ 1 + 2R
ε .

For each t ∈ ΘR, choose πε(t) ∈ Tε such that |t − πε(t)| ≤ ε.

Define the maximum over the finite net: Zε := maxs∈Tε |(Pn − P)gs|.

For every t ∈ ΘR,
|(Pn − P)gt| ≤ |(Pn − P)gπε(t)|+ |(Pn − P)(gt − gπε(t))|

≤ Zε + (Pn + P)|gt − gπε(t)| ≤ Zε + 2ε.

Therefore
sup
t∈ΘR

|(Pn − P)gt| ≤ Zε + 2ε.

What happened?
We reduced the supremum over an infinite class to a maximum over Nε functions, at the cost of
an approximation error 2ε.
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Control the finite net: Hoe�ding and a union bound

For every fixed s ∈ Tε, −R ≤ gs(x) ≤ R.

Thus gs(·) takes values in an interval of length at most 2R.

Hoe�ding’s inequality gives

P (|(Pn − P)gs| > u) ≤ 2 exp

{
−nu2

2R2

}
.

Since {Zε > u} =
⋃

s∈Tε {|(Pn − P)gs| > u} , the union bound implies

P{Zε > u} ≤
∑
s∈Tε

P {|(Pn − P)gs| > u} ≤ 2Nε exp

{
−nu2

2R2

}
.

Complexity penalty
The number of net points enters through the multiplicative factor Nε, which will become

√
log Nε

a�er converting the tail bound into an expectation.
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From the tail bound to an expected maximum

Set
aε := R

√
2 log(2Nε)

n
⇒ 2Nε exp

{
−na2

ε

2R2

}
= 1.

Using EZε =
∫∞

0 P(Zε > u) du,

EZε ≤ aε +

∫ ∞
aε

2Nε exp

{
−nu2

2R2

}
du.

For u ≥ aε,
u2 − a2

ε = (u− aε)(u + aε) ≥ 2aε(u− aε).

Therefore ∫ ∞
aε

2Nεe−nu2/(2R2) du ≤
∫ ∞

aε
e−naε(u−aε)/R2

du =
R2

naε
≤ aε.

Hence

EZε ≤ 2aε = 2R
√

2 log(2Nε)
n

.
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From the approximation by the net, E supt∈ΘR
|(Pn − P)gt| ≤ 2ε+ 2R

√
2 log(2Nε)

n .

Now recall that (Pn − P)ft = (Pn − P)fµ + (Pn − P)gt.

For the single unbounded anchor,

E|(Pn − P)fµ| ≤
√
E{(Pn − P)fµ}2 =

√
Var(|X − µ|)

n
≤ σ√

n
.

Combining the two bounds,

E ‖Pn − P‖FR
≤ σ√

n
+ 2ε+ 2R

√
2 log(2Nε)

n
.

Choosing ε = R/
√

n, for which Nε ≤ 1 + 2
√

n, gives E ‖Pn − P‖FR
= O

(
σ+R
√

log n√
n

)
.

Preview of Lecture 2
The extra

√
log n is the price of using only one fine net. Chaining will combine many resolutions

and remove this loss.
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The central limit theorem: a random-index obstacle

Recall
Mn = PnfX̄n

, M = Pfµ, ft(x) := |x − t|.
Let

ψ(t) := Pft = E|X − t|.
Then √

n(Mn − M) =
√

n{PnfX̄n
− Pfµ}

= GnfX̄n
+ P(fX̄n

− fµ)

= Gnfµ︸︷︷︸
ordinary empirical average

+Gn(fX̄n
− fµ)︸ ︷︷ ︸

Bn

+
√

n{ψ(X̄n)− ψ(µ)}︸ ︷︷ ︸
population plug-in term

.

Standard terms
The first term is handled by the ordinary CLT.
The third term can be treated by the delta
method once ψ is di�erentiable at µ.

The missing term
We must show

Bn = Gn(fX̄n
− fµ) = oP(1).
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Asymptotic equicontinuity

Let {Zn(f ) : f ∈ F} be a stochastic process and let d be a semimetric onF . Define its local
oscillation at f0 by

ωn(δ; f0) := sup
d(f ,f0)≤δ

|Zn(f )− Zn(f0)|.

The process Zn is asymptotically equicontinuous at f0 if, for every η > 0,

lim
δ↓0

lim sup
n→∞

P{ωn(δ; f0) > η} = 0.

Result

If d(f̂n, f0)
P−→ 0 and Zn is asymptotically equicontinuous at f0, then Zn(f̂n)− Zn(f0) = oP(1).

Proof: For every δ, η > 0,

P{|Zn(f̂n)− Zn(f0)| > η} ≤ P{d(f̂n, f0) > δ}+ P{ωn(δ; f0) > η}.

For fixed δ, the first probability tends to zero. Taking lim supn→∞ and then letting δ ↓ 0 proves
the claim.
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Back to Example 1

For the absolute-loss class, use the population L2 semimetric

dP(f , g) := ‖f − g‖P,2 = {P(f − g)2}1/2.

Triangle inequality gives, for every x ∈ R, |fs(x)− ft(x)| =
∣∣|x − s| − |x − t|

∣∣ ≤ |s− t|.
Therefore

dP(fs, ft) ≤ |s− t|.

Asymptotic equicontinuity of the empirical process

Since X̄n
P−→ µ, we obtain dP(fX̄n

, fµ) ≤ |X̄n − µ|
P−→ 0.

Hence, if the empirical process Zn(f ) := Gnf is asymptotically equicontinuous at fµ, then

Gn(fX̄n
− fµ) = oP(1),

i.e., for every η > 0, limδ↓0 lim supn→∞ P
{

sup|t−µ|≤δ |Gn(ft − fµ)| > η
}

= 0.
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The population term: di�erentiate ψ

Assume that the distribution of X ∼ F has a Lebesgue density. Recall that

ψ(t) = Pft = E[|X − t|].

Then, simple algebra gives (HW: show this)

ψ′(µ) = 2F(µ)− 1.

Write
a := ψ′(µ) = 2F(µ)− 1.

Since √
n(X̄n − µ) = OP(1),

the delta method gives
√

n{ψ(X̄n)− ψ(µ)} = a
√

n(X̄n − µ) + oP(1).
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The CLT, assuming asymptotic equicontinuity

Assume: EX2 <∞, F is abs. continuous, and Gn is asymptotically equicontinuous at fµ.

√
n(Mn − M) = Gnfµ + Gn(fX̄n

− fµ)︸ ︷︷ ︸
oP(1)

+a
√

n(X̄n − µ) + oP(1)

=
1√

n

n∑
i=1

φ(Xi) + oP(1),

where
φ(x) := |x − µ| − M + a(x − µ), a = 2F(µ)− 1.

Since Eφ(X) = 0 and Eφ2(X) <∞, the ordinary CLT yields
√

n(Mn − M)
d→ N(0, τ 2),

where
τ 2 := Var(|X − µ|+ {2F(µ)− 1}(X − µ)) .
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Why the one-net bound does not establish the needed equicontinuity

Recall gt := ft − fµ, and for δ > 0, Θδ := [µ− δ, µ+ δ], Gδ := {gt : t ∈ Θδ}, and

Wn(δ) := ‖Gn‖Gδ = sup
t∈Θδ

|Gngt|.

To control
Bn = Gn(fX̄n

− fµ) = GngX̄n
,

it is enough to show (via Markov’s inequality) limδ↓0 lim supn→∞ EWn(δ) = 0.

The one-net part of the preceding proof, applied with R = δ, gives, for every 0 < ε ≤ δ,

EWn(δ) ≤ 2
√

n ε+ 2δ
√

2 log(2Nε), where Nε := N(ε,Θδ, | · |) ≤ 1 +
2δ
ε
.

Taking ε = δ/
√

n, so that Nε ≤ 1 + 2
√

n, yields EWn(δ) . δ
√

log n.

The problem
For every fixed δ > 0, this upper bound does not tend to zero as n → ∞. Thus the one-net
estimate fails to establish the asymptotic equicontinuity needed for the CLT.
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