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Outline

• Computing the probability density function 


• Computing the statistical moments


• Moment-based inference


• Density-based inference


• Future directions



Computing the Probability Density Function

Solving the Master Equation



Ṗ (X , t) = A · P (X , t)

Computing the PDF

 CME can now be written in matrix form:

Enumerate the state space: X = {x1, x2, x3, . . .}

P (X , ·) : R+ ! `1

P (X , t) := [p(x1, t) p(x2, t) p(x3, t) . . . ]T

Form the probability density state vector

The Chemical Master Equation (CME):

dp(x, t)

dt
= �p(x, t)

X

k

wk(x) +
X

k

p(x� sk, t)wk(x� sk)

Goal: Compute p(x, t), the probability that X(t) = x.
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The Finite State Projection Approach

• A  finite subset is appropriately 
chosen  

• Transitions into subset are deleted 

• Remaining (infinite) states are 
projected into a single state 

The projected system can be solved exactly!



Projection Error Bounds Consider any Markov process de-
scribed by the Forward Kolmogorov Equation:

Ṗ (X ; t) = A · P (X ; t).

If for an indexing vector J: 1T exp(AJT )P (XJ; 0) � 1� ✏, then
�����

"
P (XJ; t)
P (XJ 0; t)

#
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< ✏ t 2 [0, T ]

Guaranteed Error Bounds

Notation: For a matrix A, let AJ to be the principle submatrix
of A indexed by J, where J = [m1 . . . mn].



Certificate: ⇤P (XJ, T )� exp(AJT )P (XJ; 0)⇤1 ⇥ �

The FSP Algorithm
given initial prob. vector P (X ,0); final time T ; error tol. � > 0

select an initial finite subset XJ that includes support of P (X ,0)

repeat

1. expand projection: XJ := XJ ⌅ XJ ⇤

2. form projected system: AJ

3. compute probability for projection: exp(AJT )P (XJ; 0)

until 1T exp(AJT )P (XJ; 0) ⇥ 1� �

end
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u and v inhibit each other

Application to a Stochastic Switch

Two repressors u and v
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Two repressors u and v
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A Sample Trajectory
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Parameters

Trajectory simulation 
using Gilespie’s SSA



Joint pdf Computation using FSP Algorithm



A Stochastic Switch Involved in Disease: 
Pyelonephritis Assoicated Pili (PAP)

Pili

Credit: J.B. Kaper et al Nature Rev. Microbiol 
(2004) 2, 123-140 (modified)

Credit: University of Alabama at Birmingham,  
Department of Pathology



Application of FSP to the Pap Switch Model
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R8
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Lrp

 
PapI

State g3

State g4

State g1

State g2

ON 

OFF

OFF

OFF

Piliation takes place 
if gene is ON at a  

specific time: T

What is the probability of being 
in State g2 at time T?



Accuracy and Efficiency



A More Detailed Stochastic model of the pap Switch
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Allows us to compute probability of an ON state
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Starting from any initial state at time t=0, 

the probability of finding a cell in a given 

state(s) at t=T can be accurately computed:

p(XJ, T ) = exp(AJT )p(XJ,0)

Solving The Master Equation Using FSP
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Model Prediction
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Computing the Statistical Moments

Moment Closure Methods



• A�ne propensity. Closed moment equations.

• Quadratic propensity. Not generally closed.

– Mass Fluctuation Kinetics (Gomez-Uribe, Verghese)
– Derivative Matching (Singh, Hespanha)

Moment Computations

dE[X]

dt
= S E[w(X)]

dE[XXT ]

dt
= SE[w(X)XT ] + E[XwT (X)]ST + S diag(E[w(X)]) ST

Moment Dynamics 



Mass Fluctuation Kinetics (MFK) Moment Closure

Note that this form is general enough to fit propensities arising
from all the elementary reactions.
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We can write the propensity vector as follows

w(x) =

2

64
w1(x)

...
wM(x)

3

75 =

2

64
a1 + bT1x+ xTQ1x

...
aM + bTMx+ xTQMx

3

75

where Qk is symmetric.
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Define X� := X � E(X), and ⌃ := E(X�XT
�).
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Dynamics of the Mean

E(wk(X)) = E(ak + bTk X +XTQkX)

= ak + bTk E(X) + E((X� + E(X))TQk(X� + E(X)))

= wk(E(X)) + E(XT
�QkX�)

= wk(E(X)) + tr(Qk⌃)
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Defining z(⌃) = [tr(Q1⌃) . . . tr(QM⌃)]T , we have
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d

dt
E(X) = Sw(E(X)) + Sz(⌃).
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dE[X]

dt
= S E[w(X)]

dE[XXT ]

dt
= SE[w(X)XT ] + E[XwT (X)]ST + S diag(E[w(X)]) ST
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Dynamics of the Covariance and MFK Closure

⌃̇ = SJw(E(X)) ·⌃+⌃ · JT
w(E(X))ST + S diag(w(E(X)))ST + S diag(z(⌃))ST
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where Jw is the Jacobian matrix of w(·).
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dE[X]

dt
= S E[w(X)]

dE[XXT ]

dt
= SE[w(X)XT ] + E[XwT (X)]ST + S diag(E[w(X)]) ST

<latexit sha1_base64="rvVQ3sQC5QfNjBi+64KdahsypPs="></latexit><latexit sha1_base64="rvVQ3sQC5QfNjBi+64KdahsypPs="></latexit><latexit sha1_base64="rvVQ3sQC5QfNjBi+64KdahsypPs="></latexit><latexit sha1_base64="rvVQ3sQC5QfNjBi+64KdahsypPs="></latexit>

Moment closure assumption

The terms S E(w(X)XT
�) and E(X�wT (X))ST depend on third

order moments.

The MFK approximation posits that 8i, j, k:

E
h
(Xi � E(Xi))(Xj � E(Xj))(Xk � E(Xk))

i
⇡ 0.
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This enables the replacement of 3rd order moments with lower
moments
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The system is said to be closed and can be solved
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Other Moment Closure Methods

Moment closure assumption

The Derivative-Matching approximation posits that:

E(XiXjXk) =
E(XiXj)E(XjXk)E(XiXk)

E(Xi)E(Xj)E(Xk)
, 8i, j, k.
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Another moment closure method is Derivative-Matching.
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This is consistent with a Lognormal moment closure.
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Moment-Based Inference



Moment-Based Inference

Using the derivation of the previous section the time evolution of the moments of this system can be
computed as

d
dt

E [X] = E [Z]− bE [X] ,

d
dt

E
[

X2] = E [Z] + 2E [XZ]− 2bE
[

X2]+ bE [X] ,

d
dt

E [XZ] = E
[

Z2] − bE [XZ] .

This is a closed linear system and can be solved analytically. Denote by E [X]tr and E [X]ss two obser-
vations of the mean of X, taken at a transient time point ttr and at stationarity, respectively. These two
observations allow to compute the death rate and the mean of PZ as

b = −
1
ttr

log

(

E [X]ss − E [X]tr

E [X]ss

)

and E [Z] = bE [X]ss .

If also an observation E
[

X2
]ss

of the stationary second moment is available, the second moment of PZ

can be computed as

E
[

Z2] = b2
(

E
[

X2]ss − E [X]ss
)

Therefore, for this process, mean and variance of the extrinsic variable can be computed from measure-
ments of the mean at one transient time point and mean and second moment at stationarity.

S.3 A Simple Model of Transient Gene Activation

The simple mass-action model under consideration is defined by the four reactions

A
c1−⇀ ∅

A+B
c2−⇀↽−
c3

AB

AB
c4−⇀ AB + C,

(1)

and the corresponding stochastic rate constants given in Tab. S.1.

S.3.1 Moment Dynamics

Denote by µ1
A, µ

1
B , µ1

D and µ1
C the means of A, B, AB and C, respectively. Let µ2

A, µ
2
AB , µ2

AD, µ2
AC ,

µ2
B , µ2

BD, µ2
BC , µ2

D, µ2
DC , µ

2
C and µ3

ABD , µ3
A2B , µ3

ABC , µ3
AB2 be the second and third order moments,

respectively. Since we assumed that this system is unaffected by extrinsic variability, the moment
dynamics are not affected by moments of an extrinsic variable. Several tools are available, e.g. [7], that
are able to automatically compute moment dynamics and closure functions from the reaction system
and allow fast implementation of our identification method. For the system in question the moment
equations become

3

Table S.1: Inferred model parameters and Metropolis-Hastings setup. The reference and inferred MAP
estimates are denoted as γj and γj,MAP , respectively.

Parameter c1 c2 c3 c4
γj 1.500 · 10−2 8.000 · 10−4 1.000 · 10−3 4.000 · 10−1

γj,MAP 1.380 · 10−2 7.050 · 10−4 9.865 · 10−4 3.988 · 10−1
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Figure S.2: Protein distributions for each measurement time point. Red: Calibrated model; Black:
Reference model.
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Table S.1: Inferred model parameters and Metropolis-Hastings setup. The reference and inferred MAP
estimates are denoted as γj and γj,MAP , respectively.

Parameter c1 c2 c3 c4
γj 1.500 · 10−2 8.000 · 10−4 1.000 · 10−3 4.000 · 10−1

γj,MAP 1.380 · 10−2 7.050 · 10−4 9.865 · 10−4 3.988 · 10−1
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Figure S.2: Protein distributions for each measurement time point. Red: Calibrated model; Black:
Reference model.
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A=50 molecules
<latexit sha1_base64="Cdj2TIEBwhr6J5NR4Nw3Jy20mhM=">AAACFHicbVDLSgMxFM34rPVVdekmWAQXUmYE0Y1QkYLLClaFTpVM5laDeQxJRinD/Ia41e9wJ27d+xn+gZl2Ftp6IHA4517OzYkSzoz1/S9vanpmdm6+slBdXFpeWa2trV8YlWoKHaq40lcRMcCZhI5llsNVooGIiMNldH9S+JcPoA1T8twOEugJcitZn1FinXR9fLTvY6E40JSDuanV/YY/BJ4kQUnqqET7pvYdxoqmAqSlnBjT5UTGhhKXkxnOYjB5NUwNJITek1voOiqJANPLhpfneNspMe4r7Z60eKj+3siIMGYgIjcpiL0z414h/ud1U9s/7GVMJqkFSUdB/ZRjq3BRA46ZBmr5wBFCNbOMYnpHNKHWlVUNJTxSJYT7TRa28iwsAqIoa+W56ygYb2SSXOw1Ar8RnO3Vm7tlWxW0ibbQDgrQAWqiU9RGHUSRRs/oBb16T96b9+59jEanvHJnA/2B9/kD4i6flw==</latexit><latexit sha1_base64="Cdj2TIEBwhr6J5NR4Nw3Jy20mhM=">AAACFHicbVDLSgMxFM34rPVVdekmWAQXUmYE0Y1QkYLLClaFTpVM5laDeQxJRinD/Ia41e9wJ27d+xn+gZl2Ftp6IHA4517OzYkSzoz1/S9vanpmdm6+slBdXFpeWa2trV8YlWoKHaq40lcRMcCZhI5llsNVooGIiMNldH9S+JcPoA1T8twOEugJcitZn1FinXR9fLTvY6E40JSDuanV/YY/BJ4kQUnqqET7pvYdxoqmAqSlnBjT5UTGhhKXkxnOYjB5NUwNJITek1voOiqJANPLhpfneNspMe4r7Z60eKj+3siIMGYgIjcpiL0z414h/ud1U9s/7GVMJqkFSUdB/ZRjq3BRA46ZBmr5wBFCNbOMYnpHNKHWlVUNJTxSJYT7TRa28iwsAqIoa+W56ygYb2SSXOw1Ar8RnO3Vm7tlWxW0ibbQDgrQAWqiU9RGHUSRRs/oBb16T96b9+59jEanvHJnA/2B9/kD4i6flw==</latexit><latexit sha1_base64="Cdj2TIEBwhr6J5NR4Nw3Jy20mhM=">AAACFHicbVDLSgMxFM34rPVVdekmWAQXUmYE0Y1QkYLLClaFTpVM5laDeQxJRinD/Ia41e9wJ27d+xn+gZl2Ftp6IHA4517OzYkSzoz1/S9vanpmdm6+slBdXFpeWa2trV8YlWoKHaq40lcRMcCZhI5llsNVooGIiMNldH9S+JcPoA1T8twOEugJcitZn1FinXR9fLTvY6E40JSDuanV/YY/BJ4kQUnqqET7pvYdxoqmAqSlnBjT5UTGhhKXkxnOYjB5NUwNJITek1voOiqJANPLhpfneNspMe4r7Z60eKj+3siIMGYgIjcpiL0z414h/ud1U9s/7GVMJqkFSUdB/ZRjq3BRA46ZBmr5wBFCNbOMYnpHNKHWlVUNJTxSJYT7TRa28iwsAqIoa+W56ygYb2SSXOw1Ar8RnO3Vm7tlWxW0ibbQDgrQAWqiU9RGHUSRRs/oBb16T96b9+59jEanvHJnA/2B9/kD4i6flw==</latexit><latexit sha1_base64="Cdj2TIEBwhr6J5NR4Nw3Jy20mhM=">AAACFHicbVDLSgMxFM34rPVVdekmWAQXUmYE0Y1QkYLLClaFTpVM5laDeQxJRinD/Ia41e9wJ27d+xn+gZl2Ftp6IHA4517OzYkSzoz1/S9vanpmdm6+slBdXFpeWa2trV8YlWoKHaq40lcRMcCZhI5llsNVooGIiMNldH9S+JcPoA1T8twOEugJcitZn1FinXR9fLTvY6E40JSDuanV/YY/BJ4kQUnqqET7pvYdxoqmAqSlnBjT5UTGhhKXkxnOYjB5NUwNJITek1voOiqJANPLhpfneNspMe4r7Z60eKj+3siIMGYgIjcpiL0z414h/ud1U9s/7GVMJqkFSUdB/ZRjq3BRA46ZBmr5wBFCNbOMYnpHNKHWlVUNJTxSJYT7TRa28iwsAqIoa+W56ygYb2SSXOw1Ar8RnO3Vm7tlWxW0ibbQDgrQAWqiU9RGHUSRRs/oBb16T96b9+59jEanvHJnA/2B9/kD4i6flw==</latexit>

AB=0 molecules
<latexit sha1_base64="sxR6IetdNqcERF61NkBj6YUJI0w=">AAACF3icbVDJSgNBFOxxjXFJ1KOXxiB4kDCTi16EqAQ8RjALZELo6XlJmvQyTPcoYZgPEa/6Hd7Eq0c/wz+wsxw0saChqHqPel1BxJk2rvvlrKyurW9s5rby2zu7e4Xi/kFTqySm0KCKq7gdEA2cSWgYZji0oxiICDi0gtHNxG89QKyZkvdmHEFXkIFkfUaJsVKvWLi6vnSxUBxowkHne8WSW3anwMvEm5MSmqPeK377oaKJAGkoJ1p3OJGhpsRGpZqzEHSW9xMNEaEjMoCOpZII0N10enyGT6wS4r6K7ZMGT9XfGykRWo9FYCcFMUO96E3E/7xOYvoX3ZTJKDEg6Syon3BsFJ40gUMWAzV8bAmhMTOMYjokMaHG9pX3JTxSJYT9TerXstSfBARBWssy25G32MgyaVbKnlv27iql6tm8rRw6QsfoFHnoHFXRLaqjBqIoQc/oBb06T86b8+58zEZXnPnOIfoD5/MHreKf6Q==</latexit><latexit sha1_base64="sxR6IetdNqcERF61NkBj6YUJI0w=">AAACF3icbVDJSgNBFOxxjXFJ1KOXxiB4kDCTi16EqAQ8RjALZELo6XlJmvQyTPcoYZgPEa/6Hd7Eq0c/wz+wsxw0saChqHqPel1BxJk2rvvlrKyurW9s5rby2zu7e4Xi/kFTqySm0KCKq7gdEA2cSWgYZji0oxiICDi0gtHNxG89QKyZkvdmHEFXkIFkfUaJsVKvWLi6vnSxUBxowkHne8WSW3anwMvEm5MSmqPeK377oaKJAGkoJ1p3OJGhpsRGpZqzEHSW9xMNEaEjMoCOpZII0N10enyGT6wS4r6K7ZMGT9XfGykRWo9FYCcFMUO96E3E/7xOYvoX3ZTJKDEg6Syon3BsFJ40gUMWAzV8bAmhMTOMYjokMaHG9pX3JTxSJYT9TerXstSfBARBWssy25G32MgyaVbKnlv27iql6tm8rRw6QsfoFHnoHFXRLaqjBqIoQc/oBb06T86b8+58zEZXnPnOIfoD5/MHreKf6Q==</latexit><latexit sha1_base64="sxR6IetdNqcERF61NkBj6YUJI0w=">AAACF3icbVDJSgNBFOxxjXFJ1KOXxiB4kDCTi16EqAQ8RjALZELo6XlJmvQyTPcoYZgPEa/6Hd7Eq0c/wz+wsxw0saChqHqPel1BxJk2rvvlrKyurW9s5rby2zu7e4Xi/kFTqySm0KCKq7gdEA2cSWgYZji0oxiICDi0gtHNxG89QKyZkvdmHEFXkIFkfUaJsVKvWLi6vnSxUBxowkHne8WSW3anwMvEm5MSmqPeK377oaKJAGkoJ1p3OJGhpsRGpZqzEHSW9xMNEaEjMoCOpZII0N10enyGT6wS4r6K7ZMGT9XfGykRWo9FYCcFMUO96E3E/7xOYvoX3ZTJKDEg6Syon3BsFJ40gUMWAzV8bAmhMTOMYjokMaHG9pX3JTxSJYT9TerXstSfBARBWssy25G32MgyaVbKnlv27iql6tm8rRw6QsfoFHnoHFXRLaqjBqIoQc/oBb06T86b8+58zEZXnPnOIfoD5/MHreKf6Q==</latexit><latexit sha1_base64="sxR6IetdNqcERF61NkBj6YUJI0w=">AAACF3icbVDJSgNBFOxxjXFJ1KOXxiB4kDCTi16EqAQ8RjALZELo6XlJmvQyTPcoYZgPEa/6Hd7Eq0c/wz+wsxw0saChqHqPel1BxJk2rvvlrKyurW9s5rby2zu7e4Xi/kFTqySm0KCKq7gdEA2cSWgYZji0oxiICDi0gtHNxG89QKyZkvdmHEFXkIFkfUaJsVKvWLi6vnSxUBxowkHne8WSW3anwMvEm5MSmqPeK377oaKJAGkoJ1p3OJGhpsRGpZqzEHSW9xMNEaEjMoCOpZII0N10enyGT6wS4r6K7ZMGT9XfGykRWo9FYCcFMUO96E3E/7xOYvoX3ZTJKDEg6Syon3BsFJ40gUMWAzV8bAmhMTOMYjokMaHG9pX3JTxSJYT9TerXstSfBARBWssy25G32MgyaVbKnlv27iql6tm8rRw6QsfoFHnoHFXRLaqjBqIoQc/oBb06T86b8+58zEZXnPnOIfoD5/MHreKf6Q==</latexit>

C=0 molecules
<latexit sha1_base64="6+GhENG25W+05Fz9B4/Kd9iiV68=">AAACFHicbVDLSgMxFM3Ud31VXboJFsGFlJludCMURHCpYFXo1JLJ3LaheQxJRinD/Ia41e9wJ27d+xn+gZk6C209EDiccy/n5kQJZ8b6/qdXmZtfWFxaXqmurq1vbNa2tq+NSjWFNlVc6duIGOBMQtsyy+E20UBExOEmGp0W/s09aMOUvLLjBLqCDCTrM0qsk+5OT3wsFAeacjDVXq3uN/wJ8CwJSlJHJS56ta8wVjQVIC3lxJgOJzI2lLiczHAWg8mrYWogIXREBtBxVBIBpptNLs/xvlNi3FfaPWnxRP29kRFhzFhEblIQOzTTXiH+53VS2z/uZkwmqQVJf4L6KcdW4aIGHDMN1PKxI4RqZhnFdEg0odaVVQ0lPFAlhPtNFp7lWVgERFF2lueuo2C6kVly3WwEfiO4bNZbh2Vby2gX7aEDFKAj1ELn6AK1EUUaPaFn9OI9eq/em/f+M1rxyp0d9Afexzeg/59u</latexit><latexit sha1_base64="6+GhENG25W+05Fz9B4/Kd9iiV68=">AAACFHicbVDLSgMxFM3Ud31VXboJFsGFlJludCMURHCpYFXo1JLJ3LaheQxJRinD/Ia41e9wJ27d+xn+gZk6C209EDiccy/n5kQJZ8b6/qdXmZtfWFxaXqmurq1vbNa2tq+NSjWFNlVc6duIGOBMQtsyy+E20UBExOEmGp0W/s09aMOUvLLjBLqCDCTrM0qsk+5OT3wsFAeacjDVXq3uN/wJ8CwJSlJHJS56ta8wVjQVIC3lxJgOJzI2lLiczHAWg8mrYWogIXREBtBxVBIBpptNLs/xvlNi3FfaPWnxRP29kRFhzFhEblIQOzTTXiH+53VS2z/uZkwmqQVJf4L6KcdW4aIGHDMN1PKxI4RqZhnFdEg0odaVVQ0lPFAlhPtNFp7lWVgERFF2lueuo2C6kVly3WwEfiO4bNZbh2Vby2gX7aEDFKAj1ELn6AK1EUUaPaFn9OI9eq/em/f+M1rxyp0d9Afexzeg/59u</latexit><latexit sha1_base64="6+GhENG25W+05Fz9B4/Kd9iiV68=">AAACFHicbVDLSgMxFM3Ud31VXboJFsGFlJludCMURHCpYFXo1JLJ3LaheQxJRinD/Ia41e9wJ27d+xn+gZk6C209EDiccy/n5kQJZ8b6/qdXmZtfWFxaXqmurq1vbNa2tq+NSjWFNlVc6duIGOBMQtsyy+E20UBExOEmGp0W/s09aMOUvLLjBLqCDCTrM0qsk+5OT3wsFAeacjDVXq3uN/wJ8CwJSlJHJS56ta8wVjQVIC3lxJgOJzI2lLiczHAWg8mrYWogIXREBtBxVBIBpptNLs/xvlNi3FfaPWnxRP29kRFhzFhEblIQOzTTXiH+53VS2z/uZkwmqQVJf4L6KcdW4aIGHDMN1PKxI4RqZhnFdEg0odaVVQ0lPFAlhPtNFp7lWVgERFF2lueuo2C6kVly3WwEfiO4bNZbh2Vby2gX7aEDFKAj1ELn6AK1EUUaPaFn9OI9eq/em/f+M1rxyp0d9Afexzeg/59u</latexit><latexit sha1_base64="6+GhENG25W+05Fz9B4/Kd9iiV68=">AAACFHicbVDLSgMxFM3Ud31VXboJFsGFlJludCMURHCpYFXo1JLJ3LaheQxJRinD/Ia41e9wJ27d+xn+gZk6C209EDiccy/n5kQJZ8b6/qdXmZtfWFxaXqmurq1vbNa2tq+NSjWFNlVc6duIGOBMQtsyy+E20UBExOEmGp0W/s09aMOUvLLjBLqCDCTrM0qsk+5OT3wsFAeacjDVXq3uN/wJ8CwJSlJHJS56ta8wVjQVIC3lxJgOJzI2lLiczHAWg8mrYWogIXREBtBxVBIBpptNLs/xvlNi3FfaPWnxRP29kRFhzFhEblIQOzTTXiH+53VS2z/uZkwmqQVJf4L6KcdW4aIGHDMN1PKxI4RqZhnFdEg0odaVVQ0lPFAlhPtNFp7lWVgERFF2lueuo2C6kVly3WwEfiO4bNZbh2Vby2gX7aEDFKAj1ELn6AK1EUUaPaFn9OI9eq/em/f+M1rxyp0d9Afexzeg/59u</latexit>

B=1 (gene is inactive)
<latexit sha1_base64="oQPlcT5PkOJ2j6dDYN6H5UCAhJE=">AAACHnicbVDLSsNAFJ3UV62vquDGzWARKkhJutGNUJSCywr2AU0pk8ltO3RmEjKTSon5F3Gr3+FO3Opn+AdOHwttPXDhcM69HO7xQs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKogjCnUa8CBqeUQBZxLqmmkOrTACIjwOTW94M/GbI4gUC+S9HofQEaQvWY9Roo3UzR9dXzm42AcJmCnMJKGajeCsmy/YJXsKvEycOSmgOWrd/LfrBzQWIDXlRKk2J9JXlJjERHHmg0pzbqwgJHRI+tA2VBIBqpNMf0jxqVF83AsiM1Ljqfr7IiFCqbHwzKYgeqAWvYn4n9eOde+ykzAZxhoknQX1Yo51gCeFYJ9FQDUfG0JoxDSjmA5IZIowteVcCQ80EMJ8k7jVNHEnAZ6XVNPUdOQsNrJMGuWSY5ecu3Khcj5vK4uO0QkqIgddoAq6RTVURxQ9omf0gl6tJ+vNerc+ZqsZa35ziP7A+vwBmiuiew==</latexit><latexit sha1_base64="oQPlcT5PkOJ2j6dDYN6H5UCAhJE=">AAACHnicbVDLSsNAFJ3UV62vquDGzWARKkhJutGNUJSCywr2AU0pk8ltO3RmEjKTSon5F3Gr3+FO3Opn+AdOHwttPXDhcM69HO7xQs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKogjCnUa8CBqeUQBZxLqmmkOrTACIjwOTW94M/GbI4gUC+S9HofQEaQvWY9Roo3UzR9dXzm42AcJmCnMJKGajeCsmy/YJXsKvEycOSmgOWrd/LfrBzQWIDXlRKk2J9JXlJjERHHmg0pzbqwgJHRI+tA2VBIBqpNMf0jxqVF83AsiM1Ljqfr7IiFCqbHwzKYgeqAWvYn4n9eOde+ykzAZxhoknQX1Yo51gCeFYJ9FQDUfG0JoxDSjmA5IZIowteVcCQ80EMJ8k7jVNHEnAZ6XVNPUdOQsNrJMGuWSY5ecu3Khcj5vK4uO0QkqIgddoAq6RTVURxQ9omf0gl6tJ+vNerc+ZqsZa35ziP7A+vwBmiuiew==</latexit><latexit sha1_base64="oQPlcT5PkOJ2j6dDYN6H5UCAhJE=">AAACHnicbVDLSsNAFJ3UV62vquDGzWARKkhJutGNUJSCywr2AU0pk8ltO3RmEjKTSon5F3Gr3+FO3Opn+AdOHwttPXDhcM69HO7xQs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKogjCnUa8CBqeUQBZxLqmmkOrTACIjwOTW94M/GbI4gUC+S9HofQEaQvWY9Roo3UzR9dXzm42AcJmCnMJKGajeCsmy/YJXsKvEycOSmgOWrd/LfrBzQWIDXlRKk2J9JXlJjERHHmg0pzbqwgJHRI+tA2VBIBqpNMf0jxqVF83AsiM1Ljqfr7IiFCqbHwzKYgeqAWvYn4n9eOde+ykzAZxhoknQX1Yo51gCeFYJ9FQDUfG0JoxDSjmA5IZIowteVcCQ80EMJ8k7jVNHEnAZ6XVNPUdOQsNrJMGuWSY5ecu3Khcj5vK4uO0QkqIgddoAq6RTVURxQ9omf0gl6tJ+vNerc+ZqsZa35ziP7A+vwBmiuiew==</latexit><latexit sha1_base64="oQPlcT5PkOJ2j6dDYN6H5UCAhJE=">AAACHnicbVDLSsNAFJ3UV62vquDGzWARKkhJutGNUJSCywr2AU0pk8ltO3RmEjKTSon5F3Gr3+FO3Opn+AdOHwttPXDhcM69HO7xQs6Utu0vK7Oyura+kd3MbW3v7O7l9w8aKogjCnUa8CBqeUQBZxLqmmkOrTACIjwOTW94M/GbI4gUC+S9HofQEaQvWY9Roo3UzR9dXzm42AcJmCnMJKGajeCsmy/YJXsKvEycOSmgOWrd/LfrBzQWIDXlRKk2J9JXlJjERHHmg0pzbqwgJHRI+tA2VBIBqpNMf0jxqVF83AsiM1Ljqfr7IiFCqbHwzKYgeqAWvYn4n9eOde+ykzAZxhoknQX1Yo51gCeFYJ9FQDUfG0JoxDSjmA5IZIowteVcCQ80EMJ8k7jVNHEnAZ6XVNPUdOQsNrJMGuWSY5ecu3Khcj5vK4uO0QkqIgddoAq6RTVURxQ9omf0gl6tJ+vNerc+ZqsZa35ziP7A+vwBmiuiew==</latexit>

Initial conditions

The role of this kinase is twofold. In the cytoplasm, Hog1 phos-
phorylates its substrate to increase the internal concentration of
glycerol in the cell. In parallel, a large fraction of the active Hog1
translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
ality in the expression profiles of this fluorescent expression
reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
0 M, 0.1 M, 0.12 M, and 0.2 M.

The Model. Components involved in activation and translocation
of Hog1 are present in high abundance (e.g., around 6800 Hog1
molecules per cell) (28). Consequently, intrinsic fluctuations of
active Hog1 are relatively small. Experimental results in ref. 29
and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
basis functions (24) across different NaCl concentrations (see SI
Appendix, section S.4.2).

Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.

pSTL1-qV Mean and Variance Predict Transient Bimodality. The para-
meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
model (see also SI Appendix, section S.4.5).

We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.

In Silico Homogenization of the Cell Population.After calibrating the
model, we switched off extrinsic variability by setting each cell’s
extrinsic condition to the inferred mean value. We then recom-

Fig. 2. Moment-based inference using synthetic data. (A) A simple model of
transient gene activation: The binding of A to the target gene B aggregates
all necessary steps involved in gene activation such as the binding of addi-
tional transcription factors, polymerase binding, or chromatin remodeling.
Also protein synthesis is reduced to the simplest possible model—i.e., a first
order production, abstracting messenger RNA (mRNA) transcription and
degradation, translation, and protein folding. (B) The protein distributions
predicted by the calibrated model (red) compared to the distributions gen-
erated from the reference model (black) at four representative time points
(see SI Appendix, section S.3.2 for further time points). Estimates of the dis-
tributions were obtained by stochastic simulation (20,000 runs). (C) The time
evolutions of the approximate protein mean and variance obtained from
moment closure (MC) differ only little from approximations computed by
stochastic simulation (SSA). Therefore, the model parameters can be inferred
up to negligibly small deviations.
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20,000 sample paths of length T=10,000s
(generated using SSA algorithm)
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A simplified model of gene expression

A is transcription factor
B is a gene
C is protein product

Zechner et al., PNAS, 2012Example adapted from
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Data modeling and uncertainty

demonstrates that averaged population data may contain too lit-
tle information to identify the reaction rates. Contrary to that,
additionally measuring the variance in the example of Fig. 2A
allows one to uniquely identify all the parameters, even though
the measured distributions are bimodal. This implies that the
question of whether the measured distributions are well-charac-
terized by low-order moments only is not necessarily of impor-
tance. In ref. 2 the authors presented a method that makes use
of the information provided by the whole distributions. However,
for larger systems, approximation of the probability distribution
becomes computationally cumbersome. Focusing the analysis on
lower-order moments, as proposed in this paper, means discard-
ing a part of the information but makes the parameter identifica-
tion feasible for larger systems.

The moment-based inference scheme allowed us to estimate
the parameters of a stochastic model of the osmo-stress induced
transcriptional activation in budding yeast using distribution
measurements of a heterogeneous cell population and thereby
enabled us to explain and predict experimental data and to pro-
vide computational support for existing biological hypotheses.
The inferred model characteristics and parameters agree well
with state-of-the-art literature. For instance the predictions, ob-
tained for the in silico knock-down of CR, agree well with results
in ref. 21, where the authors performed knock-down experiments
for different components of the SAGA complex, which is re-
cruited during chromatin remodeling (see Fig. 4B). The pSTL1-
qV half-life was estimated to be around 90 min; this value agrees
well with ref. 34, where the authors report a high stability of
similar fluorescent reporters. The Hill coefficient of the pSTL1
promoter dynamics was estimated to be nH ≈ 6, indicating high
cooperativity in the binding of active Hog1 to the target gene.
This seems to be crucial for the cell to achieve the strong switch-
like behavior observed in the experimental data and agrees well
with previously reported results, where Hog1 dependent tran-
scription factors were shown to have multiple binding sites (35).

The inferred model parameters predict large cell-to-cell varia-
tions in the chromatin remodeling as well as in the translation
efficiency (CVs around 0.3–0.4). This is in agreement with the
experimental results from ref. 33, where the authors found that
several chromatin remodeling factors show large variations—e.g.,
a CV around 0.3 for the transcription adapter 2 (Ada2).

According to our model, variability in the chromatin remodel-
ing is widely independent of the FSC gating radius, indicating that
extrinsic noise is suppressed only in the translation efficiency
by applying gates on morphological features. In conjunction with
the observation that an in silico homogenization of the cell po-
pulation leads to different CVs of the pSTL1-qV distributions
(Fig. 4B), this suggests that studies that solely rely on cell gating
to eliminate cell-to-cell variability may lead to biased results.
Explicitly including extrinsic variability may resolve a systematic
mismatch and, additionally, allows to quantify effects of variabil-
ity on the system. For instance the in silico homogenization of
the cell population (Fig. 4B) indicates that the dose response
is widely insensitive against cell-to-cell variability. This provides
computational support for the hypothesis in ref. 21 that the
partitioning between reporter inducing and noninducing cells is
primarily caused by intrinsic stochasticity.

Materials and Methods
Flow Cytometry Measurements. The yeast cells bearing the integrated pSTL1-
quadrupleVenus (21) were cultivated in synthetic (SD) medium (using a yeast
nitrogen base w/o folic acid, w/o riboflavin). An overnight saturated culture
was diluted and grown in log phase for 24 h (OD600 nm kept below 0.2 by
several dilutions). Hog1 driven gene expression was induced by adding 5 mL
(3x) salt solution (SD medium + NaCl) to 10 mL culture containing flasks. At
each time point a 0.5 mL aliquot was taken and protein translation was
stopped by adding cycloheximide (final CHX concentration: 100 μg∕mL).
After maturation of the fluorescent reporters (about 2 h), 350 μL cells were
added to 400 μL PBS, briefly sonicated and filtered. Finally the fluorescence

was measured using a BD LSR II (excitation: 488 nm, emission: 525∕50 nm). If
not explicitly stated, we applied cell-gates of log-diameter 0.5 with respect
to the forward—and log—diameter 2.5 to the side scatter channel, respec-
tively. Each flow cytometry distribution was obtained from around 55,000
cells, leading to an effective number of cells around 20,000 after applying
the gate.

Moment Closure. Equations that describe the time evolution of all the mo-
ments of the distribution can be derived from the CME (36). Extracting the
equations for the moments up to some order n leads to a finite open system
that possibly depends on higher order moments. Approximating the higher
order moments by some nonlinear function f of the lower-order moments
(see ref. 19 and SI Appendix, sections S.3.1 and S.4.1) leads to a closed system
of the form

d
dt

~μ ¼ AðθÞ~μþ BðθÞf ð~μÞ;

where ~μ is a vector containing the moments of order up to n and AðθÞ and
BðθÞ are determined by the model structure.

Moment Uncertainties and Data Modeling. Asymptotically unbiased estimates
for central moments of order k at time tlwere computed fromM samples as

μ̂kðtlÞ ¼
! 1

M
∑

M
i¼1

xiðtlÞ k ¼ 1
1
M
∑

M
i¼1

ðxiðtlÞ − μ̂1ðtlÞÞk k > 1.

The central limit theorem implies that for large M (i.e., around 20,000 within
our experiments) the moment estimates are approximately normally distrib-
uted—i.e., μ̂kðtlÞ ∼ NðμkðtlÞ; σ2

k ðtlÞÞ—with μkðtlÞ as the true k-th moment. We
further validated this assumption for both case studies by comparing boot-
strapped distributions of the empirical moments to normal distributions
using probability-probability (P-P) and quantile-quantile (Q-Q) plots. Addi-
tionally, we used a Kolmogorov–Smirnov–Lilliefors test to assess normality
(see SI Appendix, sections S.3.2 and S.4.5). For k ¼ 1 and k ¼ 2, the estimators
variance can be estimated as

σ2
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μ̂2
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"
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;

respectively.

Modeling Fluorescence Intensities. We assumed that the measured fluores-
cence intensity for a given cell is proportional to the number of fluorescent
proteins (33)—i.e., ITotðtlÞ ¼ ϵÎTotðtlÞ with scaling parameter ϵ. Due to the
nonidentifiability in the translation step (see SI Appendix, section S.4.5), only
the product of the translation rate and ϵ can be determined. Furthermore,
we assumed that the reporter abundance IRðtlÞ is corrupted by autofluores-
cence and measurement artifacts, modeled as an additive random variable
IAFðtlÞ, independent of the reporter abundance—i.e., ITotðtlÞ ¼ IRðtlÞ þ IAFðtlÞ.
Mean and variance of IAFðtlÞ were estimated from the flow cytometry data
for 0 M NaCl, collected over the measurement time points. As this allows very
accurate estimates (M in the order of hundreds of thousands), the uncer-
tainty of those estimates can be well neglected. The experimental means
and variances of pSTL1-qV abundance at a given measurement time point
were calculated as μ̂k

R ðtlÞ ¼ μ̂k
TotðtlÞ − μk

AFðtlÞ for k ∈ f1; 2g. Note that mo-
ment-based inference and analysis of the model can be carried out without
any assumptions on the autofluorescence distribution. In order to compare
protein distributions from the model with experimentally obtained distribu-
tions, we sampled autofluorescence values from the measured flow cytome-
try distribution for 0 M NaCl.

Model Calibration. For all experiments, we assumed flat prior distributions
over parameters γj ∈ γ (with zero probability for negative values). In the
M-H MCMC scheme, for each of the J parameters in γ, we used independent
log-normal proposal distributions such that qðγnewjγoldÞ ¼

QJ
j¼1 qðγnewj jγoldj Þ

with qðγnewj jγoldj Þ ¼ LNðln γoldj ; v 2
j Þ. A detailed configuration can be found

in SI Appendix, sections S.3.2 and S.4.5. Proposed parameter samples are ac-
cepted with probability

a ¼ min
!
1;

pðγnew∣μ̂1;…; μ̂nÞqðγoldjγnewÞ
pðγold∣μ̂1;…; μ̂nÞqðγnewjγoldÞ

$
:
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Variance of Mean estimator: 

demonstrates that averaged population data may contain too lit-
tle information to identify the reaction rates. Contrary to that,
additionally measuring the variance in the example of Fig. 2A
allows one to uniquely identify all the parameters, even though
the measured distributions are bimodal. This implies that the
question of whether the measured distributions are well-charac-
terized by low-order moments only is not necessarily of impor-
tance. In ref. 2 the authors presented a method that makes use
of the information provided by the whole distributions. However,
for larger systems, approximation of the probability distribution
becomes computationally cumbersome. Focusing the analysis on
lower-order moments, as proposed in this paper, means discard-
ing a part of the information but makes the parameter identifica-
tion feasible for larger systems.

The moment-based inference scheme allowed us to estimate
the parameters of a stochastic model of the osmo-stress induced
transcriptional activation in budding yeast using distribution
measurements of a heterogeneous cell population and thereby
enabled us to explain and predict experimental data and to pro-
vide computational support for existing biological hypotheses.
The inferred model characteristics and parameters agree well
with state-of-the-art literature. For instance the predictions, ob-
tained for the in silico knock-down of CR, agree well with results
in ref. 21, where the authors performed knock-down experiments
for different components of the SAGA complex, which is re-
cruited during chromatin remodeling (see Fig. 4B). The pSTL1-
qV half-life was estimated to be around 90 min; this value agrees
well with ref. 34, where the authors report a high stability of
similar fluorescent reporters. The Hill coefficient of the pSTL1
promoter dynamics was estimated to be nH ≈ 6, indicating high
cooperativity in the binding of active Hog1 to the target gene.
This seems to be crucial for the cell to achieve the strong switch-
like behavior observed in the experimental data and agrees well
with previously reported results, where Hog1 dependent tran-
scription factors were shown to have multiple binding sites (35).

The inferred model parameters predict large cell-to-cell varia-
tions in the chromatin remodeling as well as in the translation
efficiency (CVs around 0.3–0.4). This is in agreement with the
experimental results from ref. 33, where the authors found that
several chromatin remodeling factors show large variations—e.g.,
a CV around 0.3 for the transcription adapter 2 (Ada2).

According to our model, variability in the chromatin remodel-
ing is widely independent of the FSC gating radius, indicating that
extrinsic noise is suppressed only in the translation efficiency
by applying gates on morphological features. In conjunction with
the observation that an in silico homogenization of the cell po-
pulation leads to different CVs of the pSTL1-qV distributions
(Fig. 4B), this suggests that studies that solely rely on cell gating
to eliminate cell-to-cell variability may lead to biased results.
Explicitly including extrinsic variability may resolve a systematic
mismatch and, additionally, allows to quantify effects of variabil-
ity on the system. For instance the in silico homogenization of
the cell population (Fig. 4B) indicates that the dose response
is widely insensitive against cell-to-cell variability. This provides
computational support for the hypothesis in ref. 21 that the
partitioning between reporter inducing and noninducing cells is
primarily caused by intrinsic stochasticity.

Materials and Methods
Flow Cytometry Measurements. The yeast cells bearing the integrated pSTL1-
quadrupleVenus (21) were cultivated in synthetic (SD) medium (using a yeast
nitrogen base w/o folic acid, w/o riboflavin). An overnight saturated culture
was diluted and grown in log phase for 24 h (OD600 nm kept below 0.2 by
several dilutions). Hog1 driven gene expression was induced by adding 5 mL
(3x) salt solution (SD medium + NaCl) to 10 mL culture containing flasks. At
each time point a 0.5 mL aliquot was taken and protein translation was
stopped by adding cycloheximide (final CHX concentration: 100 μg∕mL).
After maturation of the fluorescent reporters (about 2 h), 350 μL cells were
added to 400 μL PBS, briefly sonicated and filtered. Finally the fluorescence

was measured using a BD LSR II (excitation: 488 nm, emission: 525∕50 nm). If
not explicitly stated, we applied cell-gates of log-diameter 0.5 with respect
to the forward—and log—diameter 2.5 to the side scatter channel, respec-
tively. Each flow cytometry distribution was obtained from around 55,000
cells, leading to an effective number of cells around 20,000 after applying
the gate.

Moment Closure. Equations that describe the time evolution of all the mo-
ments of the distribution can be derived from the CME (36). Extracting the
equations for the moments up to some order n leads to a finite open system
that possibly depends on higher order moments. Approximating the higher
order moments by some nonlinear function f of the lower-order moments
(see ref. 19 and SI Appendix, sections S.3.1 and S.4.1) leads to a closed system
of the form

d
dt

~μ ¼ AðθÞ~μþ BðθÞf ð~μÞ;

where ~μ is a vector containing the moments of order up to n and AðθÞ and
BðθÞ are determined by the model structure.

Moment Uncertainties and Data Modeling. Asymptotically unbiased estimates
for central moments of order k at time tlwere computed fromM samples as

μ̂kðtlÞ ¼
! 1

M
∑

M
i¼1

xiðtlÞ k ¼ 1
1
M
∑

M
i¼1

ðxiðtlÞ − μ̂1ðtlÞÞk k > 1.

The central limit theorem implies that for large M (i.e., around 20,000 within
our experiments) the moment estimates are approximately normally distrib-
uted—i.e., μ̂kðtlÞ ∼ NðμkðtlÞ; σ2

k ðtlÞÞ—with μkðtlÞ as the true k-th moment. We
further validated this assumption for both case studies by comparing boot-
strapped distributions of the empirical moments to normal distributions
using probability-probability (P-P) and quantile-quantile (Q-Q) plots. Addi-
tionally, we used a Kolmogorov–Smirnov–Lilliefors test to assess normality
(see SI Appendix, sections S.3.2 and S.4.5). For k ¼ 1 and k ¼ 2, the estimators
variance can be estimated as
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respectively.

Modeling Fluorescence Intensities. We assumed that the measured fluores-
cence intensity for a given cell is proportional to the number of fluorescent
proteins (33)—i.e., ITotðtlÞ ¼ ϵÎTotðtlÞ with scaling parameter ϵ. Due to the
nonidentifiability in the translation step (see SI Appendix, section S.4.5), only
the product of the translation rate and ϵ can be determined. Furthermore,
we assumed that the reporter abundance IRðtlÞ is corrupted by autofluores-
cence and measurement artifacts, modeled as an additive random variable
IAFðtlÞ, independent of the reporter abundance—i.e., ITotðtlÞ ¼ IRðtlÞ þ IAFðtlÞ.
Mean and variance of IAFðtlÞ were estimated from the flow cytometry data
for 0 M NaCl, collected over the measurement time points. As this allows very
accurate estimates (M in the order of hundreds of thousands), the uncer-
tainty of those estimates can be well neglected. The experimental means
and variances of pSTL1-qV abundance at a given measurement time point
were calculated as μ̂k

R ðtlÞ ¼ μ̂k
TotðtlÞ − μk

AFðtlÞ for k ∈ f1; 2g. Note that mo-
ment-based inference and analysis of the model can be carried out without
any assumptions on the autofluorescence distribution. In order to compare
protein distributions from the model with experimentally obtained distribu-
tions, we sampled autofluorescence values from the measured flow cytome-
try distribution for 0 M NaCl.

Model Calibration. For all experiments, we assumed flat prior distributions
over parameters γj ∈ γ (with zero probability for negative values). In the
M-H MCMC scheme, for each of the J parameters in γ, we used independent
log-normal proposal distributions such that qðγnewjγoldÞ ¼

QJ
j¼1 qðγnewj jγoldj Þ

with qðγnewj jγoldj Þ ¼ LNðln γoldj ; v 2
j Þ. A detailed configuration can be found

in SI Appendix, sections S.3.2 and S.4.5. Proposed parameter samples are ac-
cepted with probability
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Estimator variance �2k(tl) can be estimated:
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CLT: For large M , moment estimates are
normally distributed:
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demonstrates that averaged population data may contain too lit-
tle information to identify the reaction rates. Contrary to that,
additionally measuring the variance in the example of Fig. 2A
allows one to uniquely identify all the parameters, even though
the measured distributions are bimodal. This implies that the
question of whether the measured distributions are well-charac-
terized by low-order moments only is not necessarily of impor-
tance. In ref. 2 the authors presented a method that makes use
of the information provided by the whole distributions. However,
for larger systems, approximation of the probability distribution
becomes computationally cumbersome. Focusing the analysis on
lower-order moments, as proposed in this paper, means discard-
ing a part of the information but makes the parameter identifica-
tion feasible for larger systems.

The moment-based inference scheme allowed us to estimate
the parameters of a stochastic model of the osmo-stress induced
transcriptional activation in budding yeast using distribution
measurements of a heterogeneous cell population and thereby
enabled us to explain and predict experimental data and to pro-
vide computational support for existing biological hypotheses.
The inferred model characteristics and parameters agree well
with state-of-the-art literature. For instance the predictions, ob-
tained for the in silico knock-down of CR, agree well with results
in ref. 21, where the authors performed knock-down experiments
for different components of the SAGA complex, which is re-
cruited during chromatin remodeling (see Fig. 4B). The pSTL1-
qV half-life was estimated to be around 90 min; this value agrees
well with ref. 34, where the authors report a high stability of
similar fluorescent reporters. The Hill coefficient of the pSTL1
promoter dynamics was estimated to be nH ≈ 6, indicating high
cooperativity in the binding of active Hog1 to the target gene.
This seems to be crucial for the cell to achieve the strong switch-
like behavior observed in the experimental data and agrees well
with previously reported results, where Hog1 dependent tran-
scription factors were shown to have multiple binding sites (35).

The inferred model parameters predict large cell-to-cell varia-
tions in the chromatin remodeling as well as in the translation
efficiency (CVs around 0.3–0.4). This is in agreement with the
experimental results from ref. 33, where the authors found that
several chromatin remodeling factors show large variations—e.g.,
a CV around 0.3 for the transcription adapter 2 (Ada2).

According to our model, variability in the chromatin remodel-
ing is widely independent of the FSC gating radius, indicating that
extrinsic noise is suppressed only in the translation efficiency
by applying gates on morphological features. In conjunction with
the observation that an in silico homogenization of the cell po-
pulation leads to different CVs of the pSTL1-qV distributions
(Fig. 4B), this suggests that studies that solely rely on cell gating
to eliminate cell-to-cell variability may lead to biased results.
Explicitly including extrinsic variability may resolve a systematic
mismatch and, additionally, allows to quantify effects of variabil-
ity on the system. For instance the in silico homogenization of
the cell population (Fig. 4B) indicates that the dose response
is widely insensitive against cell-to-cell variability. This provides
computational support for the hypothesis in ref. 21 that the
partitioning between reporter inducing and noninducing cells is
primarily caused by intrinsic stochasticity.

Materials and Methods
Flow Cytometry Measurements. The yeast cells bearing the integrated pSTL1-
quadrupleVenus (21) were cultivated in synthetic (SD) medium (using a yeast
nitrogen base w/o folic acid, w/o riboflavin). An overnight saturated culture
was diluted and grown in log phase for 24 h (OD600 nm kept below 0.2 by
several dilutions). Hog1 driven gene expression was induced by adding 5 mL
(3x) salt solution (SD medium + NaCl) to 10 mL culture containing flasks. At
each time point a 0.5 mL aliquot was taken and protein translation was
stopped by adding cycloheximide (final CHX concentration: 100 μg∕mL).
After maturation of the fluorescent reporters (about 2 h), 350 μL cells were
added to 400 μL PBS, briefly sonicated and filtered. Finally the fluorescence

was measured using a BD LSR II (excitation: 488 nm, emission: 525∕50 nm). If
not explicitly stated, we applied cell-gates of log-diameter 0.5 with respect
to the forward—and log—diameter 2.5 to the side scatter channel, respec-
tively. Each flow cytometry distribution was obtained from around 55,000
cells, leading to an effective number of cells around 20,000 after applying
the gate.

Moment Closure. Equations that describe the time evolution of all the mo-
ments of the distribution can be derived from the CME (36). Extracting the
equations for the moments up to some order n leads to a finite open system
that possibly depends on higher order moments. Approximating the higher
order moments by some nonlinear function f of the lower-order moments
(see ref. 19 and SI Appendix, sections S.3.1 and S.4.1) leads to a closed system
of the form

d
dt

~μ ¼ AðθÞ~μþ BðθÞf ð~μÞ;

where ~μ is a vector containing the moments of order up to n and AðθÞ and
BðθÞ are determined by the model structure.

Moment Uncertainties and Data Modeling. Asymptotically unbiased estimates
for central moments of order k at time tlwere computed fromM samples as

μ̂kðtlÞ ¼
! 1

M
∑

M
i¼1

xiðtlÞ k ¼ 1
1
M
∑

M
i¼1

ðxiðtlÞ − μ̂1ðtlÞÞk k > 1.

The central limit theorem implies that for large M (i.e., around 20,000 within
our experiments) the moment estimates are approximately normally distrib-
uted—i.e., μ̂kðtlÞ ∼ NðμkðtlÞ; σ2

k ðtlÞÞ—with μkðtlÞ as the true k-th moment. We
further validated this assumption for both case studies by comparing boot-
strapped distributions of the empirical moments to normal distributions
using probability-probability (P-P) and quantile-quantile (Q-Q) plots. Addi-
tionally, we used a Kolmogorov–Smirnov–Lilliefors test to assess normality
(see SI Appendix, sections S.3.2 and S.4.5). For k ¼ 1 and k ¼ 2, the estimators
variance can be estimated as

σ2
1 ðtlÞ ¼

1

M
μ̂2
2 ðtlÞ and σ2

2 ðtlÞ ¼
1

M

"
μ̂4ðtlÞ −

M − 3

M − 1
μ̂2
2 ðtlÞ

#
;

respectively.

Modeling Fluorescence Intensities. We assumed that the measured fluores-
cence intensity for a given cell is proportional to the number of fluorescent
proteins (33)—i.e., ITotðtlÞ ¼ ϵÎTotðtlÞ with scaling parameter ϵ. Due to the
nonidentifiability in the translation step (see SI Appendix, section S.4.5), only
the product of the translation rate and ϵ can be determined. Furthermore,
we assumed that the reporter abundance IRðtlÞ is corrupted by autofluores-
cence and measurement artifacts, modeled as an additive random variable
IAFðtlÞ, independent of the reporter abundance—i.e., ITotðtlÞ ¼ IRðtlÞ þ IAFðtlÞ.
Mean and variance of IAFðtlÞ were estimated from the flow cytometry data
for 0 M NaCl, collected over the measurement time points. As this allows very
accurate estimates (M in the order of hundreds of thousands), the uncer-
tainty of those estimates can be well neglected. The experimental means
and variances of pSTL1-qV abundance at a given measurement time point
were calculated as μ̂k

R ðtlÞ ¼ μ̂k
TotðtlÞ − μk

AFðtlÞ for k ∈ f1; 2g. Note that mo-
ment-based inference and analysis of the model can be carried out without
any assumptions on the autofluorescence distribution. In order to compare
protein distributions from the model with experimentally obtained distribu-
tions, we sampled autofluorescence values from the measured flow cytome-
try distribution for 0 M NaCl.

Model Calibration. For all experiments, we assumed flat prior distributions
over parameters γj ∈ γ (with zero probability for negative values). In the
M-H MCMC scheme, for each of the J parameters in γ, we used independent
log-normal proposal distributions such that qðγnewjγoldÞ ¼

QJ
j¼1 qðγnewj jγoldj Þ

with qðγnewj jγoldj Þ ¼ LNðln γoldj ; v 2
j Þ. A detailed configuration can be found

in SI Appendix, sections S.3.2 and S.4.5. Proposed parameter samples are ac-
cepted with probability

a ¼ min
!
1;

pðγnew∣μ̂1;…; μ̂nÞqðγoldjγnewÞ
pðγold∣μ̂1;…; μ̂nÞqðγnewjγoldÞ

$
:
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kth-order moment estimates:

Data: Trajectories samples over time 

M = 20,000 samples
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Moments Model
d
dt

µ1
A = c3 · µ

1
D − c2 · µ

2
AB − c1 · µ

1
A

d
dt

µ1
B = c3 · µ

1
D − c2 · µ

2
AB

d
dt

µ1
D = c2 · µ

2
AB − c3 · µ

1
D

d
dt

µ1
C = c4 · µ

1
D

d
dt

µ2
A = c1 · µ

1
A − 2 · c1 · µ

2
A + c2 · µ

2
AB − 2 · c2 · µ

3
A2B + c3 · µ

1
D + 2 · c3 · µ

2
AD

d
dt

µ2
AB = c3 · µ

1
D − c2 · µ

3
AB2 − c2 · µ

3
A2B + c3 · µ

2
AD + c3 · µ

2
BD − (c1 − c2) · µ

2
AB

d
dt

µ2
AD = c2 · µ

3
A2B − c2 · µ

2
AB − c2 · µ

3
ABD − c3 · µ

1
D + c3 · µ

2
D − (c1 + c3) · µ

2
AD

d
dt

µ2
AC = c3 · µ

2
DC − c2 · µ

3
ABC − c1 · µ

2
AC + c4 · µ

2
AD

d
dt

µ2
B = c2 · µ

2
AB − 2 · c2 · µ

3
AB2 + c3 · µ

1
D + 2 · c3 · µ

2
BD

d
dt

µ2
BD = c2 · µ

3
AB2 − c2 · µ

2
AB − c2 · µ

3
ABD − c3 · µ

1
D + c3 · µ

2
D − c3 · µ

2
BD

d
dt

µ2
BC = c3 · µ

2
DC − c2 · µ

3
ABC + c4 · µ

2
BD

d
dt

µ2
D = c2 · µ

2
AB + 2 · c2 · µ

3
ABD + c3 · µ

1
D − 2 · c3 · µ

2
D

d
dt

µ2
DC = c2 · µ

3
ABC − c3 · µ

2
DC + c4 · µ

2
D

d
dt

µ2
C = c4 · µ

1
D + 2 · c4 · µ

2
DC

A closed system is obtained by replacing the third order cumulants by zero, which is equivalent to
replacing the third order moments by functions of the lower order moments as follows:

µ3
ABD = µ1

A · µ2
BD + µ1

B · µ2
AD + µ1

D · µ2
AB − 2 · µ1

A · µ1
B · µ1

D,

µ3
A2B = −2 · µ1

B · µ1
A

2
+ 2 · µ2

AB · µ1
A + µ1

B · µ2
A,

µ3
ABC = µ1

A · µ2
BC + µ1

B · µ2
AC + µ1

C · µ2
AB − 2 · µ1

A · µ1
B · µ1

C ,

µ3
AB2 = −2 · µ1

A · µ1
B

2
+ 2 · µ2

AB · µ1
B + µ1

A · µ2
B

Note that the accuracy of moment closure methods depends not only on the network structure, but
also on the unknown parameters. Therefore, it is a priori unclear if a certain closure method leads to
accurate approximations of the moments. However, for a given set of parameters accuracy of a moment
closure method can be checked by comparing the approximations with estimates computed from a large
number of stochastic simulations. Therefore we arbitrarily picked a moment closure method, performed
the parameter search with it and checked the accuracy of the approximations locally for the found pa-
rameters. Second order zero cumulant moment closure led to good agreement of the approximations
with estimates obtained from stochastically simulating the system with the estimated parameters and
was therefore sufficient for our model.

4

Notation:
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µA := E[XA]
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µ2A := E[X2
A]
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Moments are not closed!



Closing the System of Moments
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A closed system is obtained by replacing the third order cumulants by zero, which is equivalent to
replacing the third order moments by functions of the lower order moments as follows:
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Note that the accuracy of moment closure methods depends not only on the network structure, but
also on the unknown parameters. Therefore, it is a priori unclear if a certain closure method leads to
accurate approximations of the moments. However, for a given set of parameters accuracy of a moment
closure method can be checked by comparing the approximations with estimates computed from a large
number of stochastic simulations. Therefore we arbitrarily picked a moment closure method, performed
the parameter search with it and checked the accuracy of the approximations locally for the found pa-
rameters. Second order zero cumulant moment closure led to good agreement of the approximations
with estimates obtained from stochastically simulating the system with the estimated parameters and
was therefore sufficient for our model.

4

A closed system is obtained by replacing the 3rd-order cumulants by 0.
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This is equivalent to replacing the 3rd-order by functions of the lower
order moments:
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d

dt
µ̃ = A(✓)µ̃+B(✓)f(µ̃)

<latexit sha1_base64="YgmDV+htxVtrTn8mzh19PIdnRmo="></latexit><latexit sha1_base64="YgmDV+htxVtrTn8mzh19PIdnRmo="></latexit><latexit sha1_base64="YgmDV+htxVtrTn8mzh19PIdnRmo="></latexit><latexit sha1_base64="YgmDV+htxVtrTn8mzh19PIdnRmo="></latexit>

µ̃ is the vector of 1st- and 2nd-order moments
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Moment Model:



Moment-Based Inference

p(✓|µ̂1, µ̂2) =
1

K

2Y

k=1

10Y

l=1

p(µ̂k(tl)|✓) · p(✓)
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Inferred Parameter Vector
Table S.1: Inferred model parameters and Metropolis-Hastings setup. The reference and inferred MAP

estimates are denoted as γj and γj,MAP , respectively.
Parameter c1 c2 c3 c4

γj 1.500 · 10−2 8.000 · 10−4 1.000 · 10−3 4.000 · 10−1

γj,MAP 1.380 · 10−2 7.050 · 10−4 9.865 · 10−4 3.988 · 10−1
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Figure S.2: Protein distributions for each measurement time point. Red: Calibrated model; Black:
Reference model.
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Calibrated Model vs. Reference Model

The role of this kinase is twofold. In the cytoplasm, Hog1 phos-
phorylates its substrate to increase the internal concentration of
glycerol in the cell. In parallel, a large fraction of the active Hog1
translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
ality in the expression profiles of this fluorescent expression
reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
0 M, 0.1 M, 0.12 M, and 0.2 M.

The Model. Components involved in activation and translocation
of Hog1 are present in high abundance (e.g., around 6800 Hog1
molecules per cell) (28). Consequently, intrinsic fluctuations of
active Hog1 are relatively small. Experimental results in ref. 29
and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
basis functions (24) across different NaCl concentrations (see SI
Appendix, section S.4.2).

Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.

pSTL1-qV Mean and Variance Predict Transient Bimodality. The para-
meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
model (see also SI Appendix, section S.4.5).

We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.

In Silico Homogenization of the Cell Population.After calibrating the
model, we switched off extrinsic variability by setting each cell’s
extrinsic condition to the inferred mean value. We then recom-

Fig. 2. Moment-based inference using synthetic data. (A) A simple model of
transient gene activation: The binding of A to the target gene B aggregates
all necessary steps involved in gene activation such as the binding of addi-
tional transcription factors, polymerase binding, or chromatin remodeling.
Also protein synthesis is reduced to the simplest possible model—i.e., a first
order production, abstracting messenger RNA (mRNA) transcription and
degradation, translation, and protein folding. (B) The protein distributions
predicted by the calibrated model (red) compared to the distributions gen-
erated from the reference model (black) at four representative time points
(see SI Appendix, section S.3.2 for further time points). Estimates of the dis-
tributions were obtained by stochastic simulation (20,000 runs). (C) The time
evolutions of the approximate protein mean and variance obtained from
moment closure (MC) differ only little from approximations computed by
stochastic simulation (SSA). Therefore, the model parameters can be inferred
up to negligibly small deviations.
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The role of this kinase is twofold. In the cytoplasm, Hog1 phos-
phorylates its substrate to increase the internal concentration of
glycerol in the cell. In parallel, a large fraction of the active Hog1
translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
ality in the expression profiles of this fluorescent expression
reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
0 M, 0.1 M, 0.12 M, and 0.2 M.

The Model. Components involved in activation and translocation
of Hog1 are present in high abundance (e.g., around 6800 Hog1
molecules per cell) (28). Consequently, intrinsic fluctuations of
active Hog1 are relatively small. Experimental results in ref. 29
and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
basis functions (24) across different NaCl concentrations (see SI
Appendix, section S.4.2).

Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.

pSTL1-qV Mean and Variance Predict Transient Bimodality. The para-
meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
model (see also SI Appendix, section S.4.5).

We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.

In Silico Homogenization of the Cell Population.After calibrating the
model, we switched off extrinsic variability by setting each cell’s
extrinsic condition to the inferred mean value. We then recom-

Fig. 2. Moment-based inference using synthetic data. (A) A simple model of
transient gene activation: The binding of A to the target gene B aggregates
all necessary steps involved in gene activation such as the binding of addi-
tional transcription factors, polymerase binding, or chromatin remodeling.
Also protein synthesis is reduced to the simplest possible model—i.e., a first
order production, abstracting messenger RNA (mRNA) transcription and
degradation, translation, and protein folding. (B) The protein distributions
predicted by the calibrated model (red) compared to the distributions gen-
erated from the reference model (black) at four representative time points
(see SI Appendix, section S.3.2 for further time points). Estimates of the dis-
tributions were obtained by stochastic simulation (20,000 runs). (C) The time
evolutions of the approximate protein mean and variance obtained from
moment closure (MC) differ only little from approximations computed by
stochastic simulation (SSA). Therefore, the model parameters can be inferred
up to negligibly small deviations.

8342 ∣ www.pnas.org/cgi/doi/10.1073/pnas.1200161109 Zechner et al.

The role of this kinase is twofold. In the cytoplasm, Hog1 phos-
phorylates its substrate to increase the internal concentration of
glycerol in the cell. In parallel, a large fraction of the active Hog1
translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
ality in the expression profiles of this fluorescent expression
reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
0 M, 0.1 M, 0.12 M, and 0.2 M.

The Model. Components involved in activation and translocation
of Hog1 are present in high abundance (e.g., around 6800 Hog1
molecules per cell) (28). Consequently, intrinsic fluctuations of
active Hog1 are relatively small. Experimental results in ref. 29
and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
basis functions (24) across different NaCl concentrations (see SI
Appendix, section S.4.2).

Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.

pSTL1-qV Mean and Variance Predict Transient Bimodality. The para-
meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
model (see also SI Appendix, section S.4.5).

We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.

In Silico Homogenization of the Cell Population.After calibrating the
model, we switched off extrinsic variability by setting each cell’s
extrinsic condition to the inferred mean value. We then recom-
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Also protein synthesis is reduced to the simplest possible model—i.e., a first
order production, abstracting messenger RNA (mRNA) transcription and
degradation, translation, and protein folding. (B) The protein distributions
predicted by the calibrated model (red) compared to the distributions gen-
erated from the reference model (black) at four representative time points
(see SI Appendix, section S.3.2 for further time points). Estimates of the dis-
tributions were obtained by stochastic simulation (20,000 runs). (C) The time
evolutions of the approximate protein mean and variance obtained from
moment closure (MC) differ only little from approximations computed by
stochastic simulation (SSA). Therefore, the model parameters can be inferred
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translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
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reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
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molecules per cell) (28). Consequently, intrinsic fluctuations of
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and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
basis functions (24) across different NaCl concentrations (see SI
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Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.

pSTL1-qV Mean and Variance Predict Transient Bimodality. The para-
meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
model (see also SI Appendix, section S.4.5).

We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.

In Silico Homogenization of the Cell Population.After calibrating the
model, we switched off extrinsic variability by setting each cell’s
extrinsic condition to the inferred mean value. We then recom-

Fig. 2. Moment-based inference using synthetic data. (A) A simple model of
transient gene activation: The binding of A to the target gene B aggregates
all necessary steps involved in gene activation such as the binding of addi-
tional transcription factors, polymerase binding, or chromatin remodeling.
Also protein synthesis is reduced to the simplest possible model—i.e., a first
order production, abstracting messenger RNA (mRNA) transcription and
degradation, translation, and protein folding. (B) The protein distributions
predicted by the calibrated model (red) compared to the distributions gen-
erated from the reference model (black) at four representative time points
(see SI Appendix, section S.3.2 for further time points). Estimates of the dis-
tributions were obtained by stochastic simulation (20,000 runs). (C) The time
evolutions of the approximate protein mean and variance obtained from
moment closure (MC) differ only little from approximations computed by
stochastic simulation (SSA). Therefore, the model parameters can be inferred
up to negligibly small deviations.
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The role of this kinase is twofold. In the cytoplasm, Hog1 phos-
phorylates its substrate to increase the internal concentration of
glycerol in the cell. In parallel, a large fraction of the active Hog1
translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
ality in the expression profiles of this fluorescent expression
reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
0 M, 0.1 M, 0.12 M, and 0.2 M.

The Model. Components involved in activation and translocation
of Hog1 are present in high abundance (e.g., around 6800 Hog1
molecules per cell) (28). Consequently, intrinsic fluctuations of
active Hog1 are relatively small. Experimental results in ref. 29
and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
basis functions (24) across different NaCl concentrations (see SI
Appendix, section S.4.2).

Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.

pSTL1-qV Mean and Variance Predict Transient Bimodality. The para-
meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
model (see also SI Appendix, section S.4.5).

We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.

In Silico Homogenization of the Cell Population.After calibrating the
model, we switched off extrinsic variability by setting each cell’s
extrinsic condition to the inferred mean value. We then recom-

Fig. 2. Moment-based inference using synthetic data. (A) A simple model of
transient gene activation: The binding of A to the target gene B aggregates
all necessary steps involved in gene activation such as the binding of addi-
tional transcription factors, polymerase binding, or chromatin remodeling.
Also protein synthesis is reduced to the simplest possible model—i.e., a first
order production, abstracting messenger RNA (mRNA) transcription and
degradation, translation, and protein folding. (B) The protein distributions
predicted by the calibrated model (red) compared to the distributions gen-
erated from the reference model (black) at four representative time points
(see SI Appendix, section S.3.2 for further time points). Estimates of the dis-
tributions were obtained by stochastic simulation (20,000 runs). (C) The time
evolutions of the approximate protein mean and variance obtained from
moment closure (MC) differ only little from approximations computed by
stochastic simulation (SSA). Therefore, the model parameters can be inferred
up to negligibly small deviations.
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The role of this kinase is twofold. In the cytoplasm, Hog1 phos-
phorylates its substrate to increase the internal concentration of
glycerol in the cell. In parallel, a large fraction of the active Hog1
translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
ality in the expression profiles of this fluorescent expression
reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
0 M, 0.1 M, 0.12 M, and 0.2 M.

The Model. Components involved in activation and translocation
of Hog1 are present in high abundance (e.g., around 6800 Hog1
molecules per cell) (28). Consequently, intrinsic fluctuations of
active Hog1 are relatively small. Experimental results in ref. 29
and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
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Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.
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meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
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We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.
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model, we switched off extrinsic variability by setting each cell’s
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The role of this kinase is twofold. In the cytoplasm, Hog1 phos-
phorylates its substrate to increase the internal concentration of
glycerol in the cell. In parallel, a large fraction of the active Hog1
translocates to the nucleus where it triggers the activation of a
transcriptional program leading to the upregulation of roughly
300 genes (27). Once the internal glycerol concentration allows
to balance the external osmotic pressure, the HOG pathway is
deactivated, leading to loss of active MAPK and a rapid termina-
tion of the transcriptional process.

To quantify the amount of transcription induced by this path-
way a fluorescent expression reporter was generated using the
promoter pSTL1 (promoter of the sugar transporter-like protein
1), a well-characterized Hog1 expression target driving the ex-
pression of a fluorescent protein construct (quadrupleVenus–
qV). It was recently shown in ref. 21 that the transient activation
of the MAPK Hog1 in conjunction with a slow step in the tran-
scription activation process of the promoter results in a bimod-
ality in the expression profiles of this fluorescent expression
reporter.

Nuclear enrichment of Hog1 was measured by microscopy and
the pSTL1-qV reporter abundance was quantified by flow cyto-
metry at nine different time points for NaCl concentrations of
0 M, 0.1 M, 0.12 M, and 0.2 M.

The Model. Components involved in activation and translocation
of Hog1 are present in high abundance (e.g., around 6800 Hog1
molecules per cell) (28). Consequently, intrinsic fluctuations of
active Hog1 are relatively small. Experimental results in ref. 29
and our own data support this and also that Hog1 signaling is
robust against cell-to-cell variations. Motivated by this, we as-
sume Hog1 signaling to be deterministic rather than stochastic
and that the mean dynamics reflect well the signaling behavior
(30, 31). Continuous-time functions of nuclear Hog1 were ob-

tained from the experimental data by linear regression with radial
basis functions (24) across different NaCl concentrations (see SI
Appendix, section S.4.2).

Several transcription factors such as Sko1 or Hot1 are under
control of active Hog1 once it translocates to the nucleus as
shown in ref. 32. This and the experimentally observed switch-like
induction of fluorescent reporter expression suggest a high coop-
erativity in the pSTL1 promoter dynamics. In a purely stochastic
mass-action model, one way to model cooperativity is to require
multiple Hog1 copies to bind to the promoter before messenger
RNAs (mRNA) can be transcribed. However, the previous high
copy-number considerations allow us to simplify this step into
transforming the fitted Hog1 abundance curves using a Hill-func-
tion with tunable parameters (see SI Appendix, section S.4.2). The
output of this function is then treated as a time-varying kinetic
parameter modulating the gene activation rate. Efficient tran-
scription of mRNA requires interaction of the active gene with
chromatin remodeling complexes (generic remodeler denoted
as CR) (21). Translation is modeled as a one-step linear produc-
tion event, depending on the number of ribosomes. We assume
that extrinsic variability enters the system in the chromatin remo-
deling (variability in the number of CR) (33) and the translation
efficiency (variability in the number of ribosomes) (5). A graphi-
cal representation of the model is given in Fig. 3A.

pSTL1-qV Mean and Variance Predict Transient Bimodality. The para-
meters of the model from Fig. 3A were inferred from the time
courses of the experimental means and variances (see Fig. 3B)
using NaCl concentrations 0 M, 0.12 M, and 0.2 M. We then
validated the model by comparing the distributions predicted
by the model for 0.1 M NaCl with the experimental results.
The pSTL1-qV expression profiles for each measurement time
point and NaCl concentration were computed from the calibrated
model using stochastic simulation. A comparison between the ex-
perimental and the predicted distributions is shown in Fig. 4A.
Even though only means and variances were used in the infer-
ence, the bimodal distributions are accurately predicted by the
model (see also SI Appendix, section S.4.5).

We further validated the model using an additional snapshot
dataset from ref. 21, where the pSTL1-qV reporter abundance
was measured for several other NaCl concentrations between
0 M and 0.3 M, 45 min upon osmotic shock. From the model
predictions and the measured distributions, we computed the
coefficient of variation (CV) and a dose-response as functions
of the NaCl concentration (Fig. 4B). The area around 0.1 M
NaCl, where the CV is large and the dose-response curve is rising,
indicates the NaCl concentration interval where the expression
is in a bimodal regime. Note that also at 0.3 M NaCl, a concen-
tration much larger than the concentrations that were used in
the inference, the CV is predicted accurately.

To study the stochastic pSTL1-qV induction, we simulated the
model to estimate the average number of cells that (i) never ac-
tivate the pSTL1 promoter, (ii) activate the promoter at least
once, and (iii) induce transcription. Our model predicts that for
all NaCl concentrations except 0 M all cells manage to activate
the promoter and, therefore, that the bimodality has to be caused
by the subsequent—and comparably slow—chromatin remodel-
ing step (see SI Appendix, section S.4.7). Further, we performed
an in silico knock-down of CR by rescaling each cell’s amount
of CR by a hand-tuned factor, such that the percentage of re-
sponding cells saturated around 60% as measured in the experi-
ment (see Fig. 4B). We found that the transition between the
non- and all-responding domain is shifted to higher NaCl values
and that the slope of the transition edge is decreased.

In Silico Homogenization of the Cell Population.After calibrating the
model, we switched off extrinsic variability by setting each cell’s
extrinsic condition to the inferred mean value. We then recom-

Fig. 2. Moment-based inference using synthetic data. (A) A simple model of
transient gene activation: The binding of A to the target gene B aggregates
all necessary steps involved in gene activation such as the binding of addi-
tional transcription factors, polymerase binding, or chromatin remodeling.
Also protein synthesis is reduced to the simplest possible model—i.e., a first
order production, abstracting messenger RNA (mRNA) transcription and
degradation, translation, and protein folding. (B) The protein distributions
predicted by the calibrated model (red) compared to the distributions gen-
erated from the reference model (black) at four representative time points
(see SI Appendix, section S.3.2 for further time points). Estimates of the dis-
tributions were obtained by stochastic simulation (20,000 runs). (C) The time
evolutions of the approximate protein mean and variance obtained from
moment closure (MC) differ only little from approximations computed by
stochastic simulation (SSA). Therefore, the model parameters can be inferred
up to negligibly small deviations.

8342 ∣ www.pnas.org/cgi/doi/10.1073/pnas.1200161109 Zechner et al.
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intracellular osmolarity in excess of the extracellular osmolarity,
thereby creating positive turgor pressure across the cell wall
and membrane that is required for many processes including
budding itself. Sudden drops in turgor pressure, potentially
caused by an upward spike in the external osmolyte concentra-
tion, are detected by membrane proteins such as Sln1 (Reiser
et al., 2003), which rapidly initiates a MAPK cascade culminating
in the dual phosphorylation of the MAPK Hog1 (Figure 1A). Upon
dual phosphorylation, the normally cytoplasmic and inactive
Hog1 becomes activated and translocates to the nucleus (Fer-
rignoetal., 1998),where it playsdirectand indirect roles inabroad
transcriptional response (O’Rourke and Herskowitz, 2004). Glyc-
erol-producing factors are among the activated genes, and they
facilitate osmoadaptation through the increase of intracellular
osmolarity (Hohmann et al., 2007). In fact, glycerol accumulation
has been shown to comprise 95% of the internal osmolarity
recovery (Reed et al., 1987). The subsequent restoration of turgor
pressure leads to nuclear export of Hog1, which is dephosphory-
lated by several nuclear and cytoplasmic phosphatases.

Nontranscriptional mechanisms also play an important role in
the hyperosmotic-shock response. Some are independent of
Hog1 (e.g., rapid closure of Fps1 channels, which otherwise
allow passive leakage of glycerol; Luyten et al., 1995; Tamás
et al., 2000), but others involve feedback mediated by the
Hog1 pathway (Dihazi et al., 2004; Proft and Struhl, 2004; West-
fall et al., 2008). For instance, in response to hyperosmotic
stress, the glycolytic protein Pfk26, which stimulates production
of glycerol precursors, was found to be activated via phosphor-
ylation at MAPK consensus sites in a Hog1-dependent manner
(Dihazi et al., 2004). Additionally, in a recent study by Thorner
and colleagues, it was shown that Hog1 sequestered in the cyto-
plasm can still mount an effective osmotic response (Westfall
et al., 2008).
Biochemical characterization of most systems is rarely so rich

to be deemed exhaustive, nor so minimal to consider a system
as a black box. Thus, models combining elements from both
approaches can be quite useful, such as a recent study that
started with the exhaustive osmoadaptation model (Klipp et al.,

Figure 1. Hog1 Translocates to the Nucleus in Response to Hyperosmotic Shock
(A) An upward spike in external osmotic pressure at t = 0 is sensed by Sln1, which propagates a signal via a MAPK cascade that culminates in the dual phos-

phorylation and nuclear import of Hog1. In the nucleus, Hog1 activates gene expression; active Hog1 also plays various roles in the cytoplasm to facilitate

osmoadaptation. Together with Hog1-independent stress responses, these mechanisms increase internal glycerol, thereby restoring turgor pressure across

the membrane. Our ‘‘wild-type’’ strain has YFP fused to Hog1, and the Sln1 branch is the primary osmosensor, since SHO1 is deleted.

(B) Network diagram inferred from (A) showing the system input and measurable outputs. ‘‘Error’’ indicates the deviation from optimal turgor pressure.

(C) Schematic of our simple flow chamber. The pump draws media through the flow-cell, with the osmolarity controlled by a valve. Cells adhere to the coverslip

coated with 1 mg/ml conA in water.

(D) Phase-contrast (top row), Hog1-YFP (middle row), and Nrd1-RFP (bottom row) images are captured at each time point. In the absence of hyperosmotic shock,

Hog1-YFP is distributed throughout the cell (left column). Only transiently does Hog1 accumulate appreciably in the nucleus after a shock (middle column),

restoring the pre-stress distribution at steady state (right column).
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mRNA Measurements

• mRNA copy numbers are measured using mRNA FISH method
• histograms give snapshots of pdf. 



Identifying Gene Parameters from mRNA Data
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Below follows a description of the current model (as of 090809).
Key changes:

• I have now forced the model to fit the mRNA histograms (with 0.1, 0.2,
0.3 and 0.4 M NaCl) as well as the Hog1 nuclearization curves for 0.2, 0.4
and 0.6M NaCL.

• I have defined a function to describe how the rate r2 is a�ected by the salt
level. This reduces the parameter set to a total of 11 unknown parameters.

1 Hog1 Nuclearization

First, I discuss the form of the Hog1 nuclearization curve. I have attempted to
find a model that matches the form of the experimental data. The key features
are a sharp rise, a saturated level, then a sharp decline whose rate depends upon
the salt level.

1) At time t = 0 osmotic pressure is applied to the system.
2) There is an o�set of t0 before anything happens (same for all salt levels).
3) After the o�set the total Hog1 increases with the function:

Hog1(t) =
⇣
1� e�r1(t�t0)

⌘
e�r2(t�t0),

where the rate r1 corresponds to the rising behavior (same for all salt levels),
and r2 corresponds to the decreasing behavior (r2 is the only parameter that
varies for di�erent salt levels and it is very well fit with the function

r2([NaCl]) ⇤ �/[NaCl].

4) I assume that there is some saturation e�ect such that the active levels
of Hog1 is given as:

Hog1⇥(t) =
Hog1(t)

1 + Hog1(t)/M
,

Here the level M defines the saturation height and is the same for all salt levels.
Fig. 1 shows the model fits for the activated Hog1 levels as functions of time

and the applied salt levels.

2 Gene Activation

The gene is assumed to have three states S0, S1, and S2 (see Fig. 2).
1) The system transitions between S0 and S1 with constant rates k01 and

k10.
2) Activated Hog1 binds cooperatively with Hill coe⇤cient ⇥ to S1 in order

to form S2. In other words:

w12(Hog1⇥) = k12[Hog1⇥]�,

the unbinding rate is constant.

1
7 parameters are unknown



Hog1(t) =
⇣
1� e

�r1t
⌘

e
� ↵t

[NaCl]

Hog1⇤(t) =
Hog1(t)

1 + Hog1(t)/M

Modeling Hog1* Nuclear Concentration
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Figure 1: Fitted (dashed lines), Measured levels (solid blue lines), and predicted
(green dashed lines) of Hog1 nuclear enrichment. Note that the y-axis is arbi-
trary (scaled to have maximum of 1) as it cannot be resolved in the fit separate
from the parameter k12.

Figure 2: Schematic of the simple gene regulatory network. The gene has three
possible states: S1–Neither Hog1 nor ??? are bound and the gene is inactive;
S2–Hog1 is bound to the gene and it is partially active; and S3–both Hog1 and
??? are bound and the gene is fully active.

2
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Given N numbered cells.
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Suppose the nth cell was measured at time tn to have exactly
mn copies of mRNA.
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The likelihood that the data from the N cells came from the
model with parameter ✓ is given by:
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L(D|✓) =
NY

n=1
p(mn|✓, tn)
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p(mn|✓, tn) is given by the chemical master equation
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✓ML = argmax
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logL(D|✓)
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Finite State Projection

Gene regulation models
Now that we have parameterized the Hog1p activation curve, we can introduce that curve as a time varying
parameter input into the regulation of downstream genes. We consider model structures with N = {2, 3, 4, 5}
distinct gene states arranged in a linear chain. For N -states, there are (N � 1) forward reactions, (N � 1)

backward reactions giving a total of 2N � 2 state transition reactions. Each state can also result in mRNA
production. Finally mRNA can degrade as a first order process, giving a total of 3N � 2 reactions for an
N -state model.

The rate of each state transition Si ! Sj may be constant or dependent on the level of Hog1p. These
Hog1p dependencies are described with a simple linear form,

kij = max {0, aij + bijHog1p(t)} (9)

The Hog1p effect is chosen to reflect the fact that kinases can have positive (bij > 0) or negative (bij < 0)
effects on more complicated processes, including chromatin remodeling, transcription factor binding, poly-
merase recruitment or elongation, transcription initiation, mRNA degradation, or others. Non-negativity of
the transition rate kij is enforced in the case where bij < 0. Measurements of the mean level of STL1

mRNA in the ON cells (i.e., cells with more than a few mRNA) shows that the average amount of mRNA is
the same for all experimental conditions (wild type at 0.2M and 0.4M NaCl, as well as the Hot1p 5x, arp8�,
and gcn5� mutants at 0.4M NaCl (see fig. S5), despite the fact that the Hog1p kinase signal is very different
in these strains. This suggests that the transcription rates in active states and the STL1 mRNA degradation
rates are not affected by Hog1p. To account for the short time between transcript initiation and the actual ob-
servation of fully formed mRNA, we add an additional time-lag parameter, t0, which acts as a delay between
the Hog1p signal and downstream events.

Stochastic models of gene regulation
We describe the responses according to the probabilities,

Pi,m := P (state = Si,mRNA = m). (10)

For an N -state model, the index i can take N different values, i 2 [1, 2, . . . , N ]. For convenience, we
enumerate all the possible states into the vector:
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where the vector Pm corresponds to the probability of the N different gene states with exactly m molecules
of mRNA.

Following the methodology in (34–36), we formulate the ordinary differential equation that describes
the evolution of these probabilities over time. This equation, known as the Chemical Master Equation or
Forward Kolmogorov Equation can be written in vector form as: d

dt
P(t) = Q(t)P(t), or more specifically

in this instance:

d

dt
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Enumerate all the possible states into the vector:
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Since the gene can take one of three possible states, N = 3
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The maximum number of mRNA we expect to see is 150
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Truncate P ! PFSP
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Solve ṖFSP = A(✓)PFSP
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3 mRNA Production and degradation

The activated gene (S2) can produce mRNAs with rate kprod and the mRNAs
degrade with rate kdeg.

4 Summary of parameters

Below follows the identified parameters for the model. these have been identified
from the mRNA histograms in the fits that are shown below in Figs. 4-??.
These are not final results, but should give a good sense as to how well the fit
can capture the data.

t0 = 4.9730� 101s, Time delay before Hog nuclearization.
r1 = 2.5211� 10�5s�1, Hog1 increase rate.
r(0.1)
2 = 9.9041� 10�2s�1, Hog1 removal rate (0.1M NaCl).

r(0.2)
2 = 8.7608� 10�3s�1, Hog1 removal rate (0.2M NaCl).

r(0.3)
2 = 6.7771� 10�3s�1, Hog1 removal rate (0.3M NaCl).

r(0.4)
2 = 4.2825� 10�3s�1, Hog1 removal rate (0.4M NaCl).

r(0.6)
2 = 2.7815� 10�3s�1, Hog1 removal rate (0.6M NaCl).

M = 6.4815� 103Mol., Hog1 saturation parameter.
k01 = 1.3063� 10�3s�1, Gene transition rate from S0 to S1.
k10 = 6.4891� 10�4s�1, Gene transition rate from S0 to S1.
k12 = 1.1691 � 109Mol��s�1, Hog1 controlled gene transition rate from S0

to S1.
⇥ = 2.2444 Cooperativity of Hog1 binding.
k21 = 3.7763� 10�3s�1, Gene transition rate from S0 to S1.
kprod = 7.8818� 10�2s�1, mRNA Production rate.
Kdeg = 3.7282� 10�3Mol�1s�1 mRNA degradation rate.

5 E�ect of Salt on r2

The circles in Fig. 3 show the rate identified rate r2 as a function of the NaCl
level. The curve can also be well-approximated with the function:

r2([NaCl]) =
�

[NaCl]
=

1.6754� 10�03

[NaCl]
,

which is shown with the dashed red line. The only outlier is that for the lowest
salt level of 0.1M.
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Below follows a description of the current model (as of 090809).
Key changes:

• I have now forced the model to fit the mRNA histograms (with 0.1, 0.2,
0.3 and 0.4 M NaCl) as well as the Hog1 nuclearization curves for 0.2, 0.4
and 0.6M NaCL.

• I have defined a function to describe how the rate r2 is a�ected by the salt
level. This reduces the parameter set to a total of 11 unknown parameters.

1 Hog1 Nuclearization

First, I discuss the form of the Hog1 nuclearization curve. I have attempted to
find a model that matches the form of the experimental data. The key features
are a sharp rise, a saturated level, then a sharp decline whose rate depends upon
the salt level.

1) At time t = 0 osmotic pressure is applied to the system.
2) There is an o�set of t0 before anything happens (same for all salt levels).
3) After the o�set the total Hog1 increases with the function:

Hog1(t) =
⇣
1� e�r1(t�t0)

⌘
e�r2(t�t0),

where the rate r1 corresponds to the rising behavior (same for all salt levels),
and r2 corresponds to the decreasing behavior (r2 is the only parameter that
varies for di�erent salt levels and it is very well fit with the function

r2([NaCl]) ⇤ �/[NaCl].

4) I assume that there is some saturation e�ect such that the active levels
of Hog1 is given as:

Hog1⇥(t) =
Hog1(t)

1 + Hog1(t)/M
,

Here the level M defines the saturation height and is the same for all salt levels.
Fig. 1 shows the model fits for the activated Hog1 levels as functions of time

and the applied salt levels.

2 Gene Activation

The gene is assumed to have three states S0, S1, and S2 (see Fig. 2).
1) The system transitions between S0 and S1 with constant rates k01 and

k10.
2) Activated Hog1 binds cooperatively with Hill coe⇤cient ⇥ to S1 in order

to form S2. In other words:

w12(Hog1⇥) = k12[Hog1⇥]�,

the unbinding rate is constant.

1

3 gene states!
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Figure 4: Matching data with the model above for the case of 0.1M NaCl induc-
tion. Parameters are given in the full text. Histograms are shown at the times
t = {0, 2, 4, . . .}min. Blue lines correspond to the experimental measurements,
and red dashed line correspond to the model fit.
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Figure 5: Matching data with the model above for the case of 0.2M NaCl induc-
tion. Parameters are given in the full text. Histograms are shown at the times
t = {0, 2, 4, . . .}min. Blue lines correspond to the experimental measurements,
and red dashed line correspond to the model fit.
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Figure 6: Matching data with the model above for the case of 0.3M NaCl induc-
tion. Parameters are given in the full text. Histograms are shown at the times
t = {0, 2, 4, . . .}min. Blue lines correspond to the experimental measurements,
and red dashed line correspond to the model fit.
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Figure 7: Matching data with the model above for the case of 0.4M NaCl induc-
tion. Parameters are given in the full text. Histograms are shown at the times
t = {0, 2, 4, . . .}min. Blue lines correspond to the experimental measurements,
and red dashed line correspond to the model fit.
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