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Seminar 2 
 Plotting many dimensions 
Tours 
Parallel coordinate plots 
Scatterplot matrices 
Multiple linked plots 
Using these together to explore data 
What we can learn about tennis!
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Table 2.1. Example data table, an excerpt from Australian Crabs

Crab species sex frontal rear carapace carapace body

lobe width length width depth

1 blue male 8.1 6.7 16.1 19.0 7.0
2 blue male 8.8 7.7 18.1 20.8 7.4
3 blue male 9.2 7.8 19.0 22.4 7.7
4 blue male 9.6 7.9 20.1 23.1 8.2

51 blue female 7.2 6.5 14.7 17.1 6.1
52 blue female 9.0 8.5 19.3 22.7 7.7
53 blue female 9.1 8.1 18.5 21.6 7.7

101 orange male 9.1 6.9 16.7 18.6 7.4
102 orange male 10.2 8.2 20.2 22.2 9.0
151 orange female 10.7 9.7 21.4 24.0 9.8
152 orange female 11.4 9.2 21.7 24.1 9.7
153 orange female 12.5 10.0 24.1 27.0 10.9

The variables in a data table can be described algebraically using a matrix
having n observations and p variables denoted as:

X = [X1 X2 . . . Xp] =





X11 X12 . . . X1p

X21 X22 . . . X2p
...

...
...

Xn1 Xn2 . . . Xnp





n×p

For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.
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of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
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Building insight about structure in high-dimensional spaces starts sim-
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among several variables. Along the way, we use different approaches to ex-
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Parallel coordinate plot

Here, each variable is scaled individually by min/max
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2.2.3 Multivariate plots

Parallel coordinate plots for categorical or real-valued variables

Parallel coordinate plots (Inselberg 1985, Wegman 1990) are frequently
used for examining multiple variables, looking for correlations, clustering in
high dimensions, and other relationships. The plots are constructed by laying
out the axes in parallel instead of in the more familiar orthogonal orientation
of the Cartesian coordinate system. Cases are represented by a line trace
connecting the case value on each variable axis. Mathematician d’Ocagne
(1885) was the first to explain the geometry of a parallel coordinate plot,
and how it is that a point on a graph of Cartesian coordinates transforms into
a line in this other space.
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Fig. 2.5. Parallel coordinate plot of six of the seven variables of the Australian

Crabs data, with males and females identified as green rectangles and purple circles,
respectively. The relatively flat traces indicate strong correlation between variables.

Figure 2.5 shows a parallel coordinate plot of one categorical variable,
sex, and the five physical measurement variables of the Blue species of the
Australian Crabs. The female crabs are shown by purple circles, and the male
crabs are shown by green rectangles. We first note that the trace for each
crab is relatively flat, which indicates strong correlation between variables. (A
small crab, for example, is small in all dimensions.) Second, the lines for males
and females cross between frontal lobe, rear width, and carapace length, which
suggests that the differences between males and females can be attributed to
rear width.

The order in which the parallel axes are positioned influences the viewer’s
ability to detect structure. Ordering the layout by a numerical measure, such
as correlation between variables, can be helpful. When the variables have a
natural order, such as time in longitudinal or repeated measures, these plots

Cartesian to 
parallel coords

flat lines means positive association 
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Parallel coordinate plots for categorical or real-valued variables

Parallel coordinate plots (Inselberg 1985, Wegman 1990) are frequently
used for examining multiple variables, looking for correlations, clustering in
high dimensions, and other relationships. The plots are constructed by laying
out the axes in parallel instead of in the more familiar orthogonal orientation
of the Cartesian coordinate system. Cases are represented by a line trace
connecting the case value on each variable axis. Mathematician d’Ocagne
(1885) was the first to explain the geometry of a parallel coordinate plot,
and how it is that a point on a graph of Cartesian coordinates transforms into
a line in this other space.
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Fig. 2.5. Parallel coordinate plot of six of the seven variables of the Australian

Crabs data, with males and females identified as green rectangles and purple circles,
respectively. The relatively flat traces indicate strong correlation between variables.

Figure 2.5 shows a parallel coordinate plot of one categorical variable,
sex, and the five physical measurement variables of the Blue species of the
Australian Crabs. The female crabs are shown by purple circles, and the male
crabs are shown by green rectangles. We first note that the trace for each
crab is relatively flat, which indicates strong correlation between variables. (A
small crab, for example, is small in all dimensions.) Second, the lines for males
and females cross between frontal lobe, rear width, and carapace length, which
suggests that the differences between males and females can be attributed to
rear width.

The order in which the parallel axes are positioned influences the viewer’s
ability to detect structure. Ordering the layout by a numerical measure, such
as correlation between variables, can be helpful. When the variables have a
natural order, such as time in longitudinal or repeated measures, these plots
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Scatterplot matrix
Same data: all pairs of 
the 5 variables displayed 
Strong association 
between all pairs. 
Di!erence between 
males and females on 
“rear.width”
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are essentially the same as profile plots. Parallel coordinate plots are also
the same as interaction plots, which are used in plotting experimental data
containing several factors.

Scatterplot matrix, for categorical or real-valued variables

frontal lobe
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Fig. 2.6. Scatterplot matrix of the five real-valued variables in Australian Crabs. The
scatterplot matrix is a display of related plots, in an arrangement that allows us to
learn from seeing them in relation to one another. All five variables are strongly
linearly related, but some structure can be observed.

The scatterplot matrix (draftsman’s plot) contains pairwise scatterplots
of the p variables laid out in a matrix format. It is a compact method for
displaying a number of relationships at the same time, and it offers something
more, because this sensible plot arrangement allows us to simultaneously make
comparisons among all the plots. As with parallel coordinate plots, it is often
useful to re-order variables to highlight comparisons.

Figure 2.6 displays a scatterplot matrix of the five physical measurement
variables of the males and females for the Blue species of the Australian Crabs,
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Tours

Motion graphic designed to study the joint distribution of 
multivariate data (Asimov 1985), in search of relationships 
that may involve several variables. It is created by generating 
a sequence of low-dimensional projections of high-
dimensional data; these projections are typically 1D or 2D.
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Table 2.1. Example data table, an excerpt from Australian Crabs

Crab species sex frontal rear carapace carapace body

lobe width length width depth

1 blue male 8.1 6.7 16.1 19.0 7.0
2 blue male 8.8 7.7 18.1 20.8 7.4
3 blue male 9.2 7.8 19.0 22.4 7.7
4 blue male 9.6 7.9 20.1 23.1 8.2

51 blue female 7.2 6.5 14.7 17.1 6.1
52 blue female 9.0 8.5 19.3 22.7 7.7
53 blue female 9.1 8.1 18.5 21.6 7.7

101 orange male 9.1 6.9 16.7 18.6 7.4
102 orange male 10.2 8.2 20.2 22.2 9.0
151 orange female 10.7 9.7 21.4 24.0 9.8
152 orange female 11.4 9.2 21.7 24.1 9.7
153 orange female 12.5 10.0 24.1 27.0 10.9

The variables in a data table can be described algebraically using a matrix
having n observations and p variables denoted as:

X = [X1 X2 . . . Xp] =





X11 X12 . . . X1p

X21 X22 . . . X2p
...

...
...

Xn1 Xn2 . . . Xnp





n×p

For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.
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having n observations and p variables denoted as:
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For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.

“book”
2009/7/24
page 27✐

✐
✐

✐

✐
✐

✐
✐

2.2 Plot types 27

A2 =





0.707
0.707

0
0
0




, then XA2 =





0.707× 8.1 + 0.707× 6.7 = 10.5
0.707× 8.8 + 0.707× 7.7 = 11.7
0.707× 9.2 + 0.707× 7.8 = 12.0
0.707× 9.6 + 0.707× 7.9 = 12.4
0.707× 7.2 + 0.707× 6.5 = 9.7

...





,

and the resulting vector is a linear combination of the first two variables,
frontal lobe and rear width.

The corresponding histograms of the full set of crabs data are shown in
Fig. 2.7, with the projection of the data onto A1 at left and the projection onto
A2 at right. In the linear combination of two variables, XA2, a suggestion
of bimodality is visible. The data is also more spread in this projection: The
variance of the combination of variables is larger than the variance of frontal
lobe alone.
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Fig. 2.7. Two 1D projections of the Crabs data. The plotted vectors are different lin-
ear combinations of frontal lobe and rear width, such that the first plot shows frontal

lobe alone and the second shows an equal-weighted projection of both variables.

Next, we will look at a numerical example of a 2D projection. If the 2D
projection matrix is

A3 =





1 0
0 1
0 0
0 0
0 0




, then the data projection is XA3 =





8.1 6.7
8.8 7.7
9.2 7.8
9.6 7.9
7.2 6.5
...





,
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and the diagonal displays the univariate ASH plot for each variable. (Once
again, male and female crabs are represented by green rectangles and purple
circles, respectively.) We can quickly see that all five variables are strongly
linearly related. Note too that the two sexes differ in rear width more than
they do on the other variables; females have a relatively larger value for rear
width than males. The difference is more pronounced in larger crabs.

It is instructive to compare the scatterplot matrix to the correlation or
covariance matrix for the same variables since they share the same square
structure. For example, each plot in the scatterplot matrix just discussed
corresponds to a single number in this correlation matrix:

FL RW CL CW BD

FL 1.00 0.90 1.00 1.00 0.99
RW 0.90 1.00 0.90 0.90 0.90
CL 1.00 0.90 1.00 1.00 0.99
CW 1.00 0.90 1.00 1.00 0.99
BD 0.99 0.90 1.00 1.00 1.00

Just as one scatterplot contains a great deal more information than can be
captured by any one statistic, a scatterplot matrix contains much more infor-
mation than this table of statistics.

Tours for real-valued variables

A tour is a motion graphic designed to study the joint distribution of
multivariate data (Asimov 1985), in search of relationships that may involve
several variables. It is created by generating a sequence of low-dimensional
projections of high-dimensional data; these projections are typically 1D or
2D. Tours are thus used to find interesting projections of the data that are
not orthogonal, unlike those plotted in a scatterplot matrix and other displays
of marginal distributions.

Here is a numerical calculation illustrating the process of calculating a data
projection. For the five physical measurements in the crabs data, in Table 2.1,
if the 1D projection vector is

A1 =





1
0
0
0
0




, then the data projection is XA1 =





8.1
8.8
9.2
9.6
7.2
...





,

which is equivalent to the first variable, frontal lobe. Alternatively, if the pro-
jection vector is
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Table 2.1. Example data table, an excerpt from Australian Crabs

Crab species sex frontal rear carapace carapace body

lobe width length width depth

1 blue male 8.1 6.7 16.1 19.0 7.0
2 blue male 8.8 7.7 18.1 20.8 7.4
3 blue male 9.2 7.8 19.0 22.4 7.7
4 blue male 9.6 7.9 20.1 23.1 8.2

51 blue female 7.2 6.5 14.7 17.1 6.1
52 blue female 9.0 8.5 19.3 22.7 7.7
53 blue female 9.1 8.1 18.5 21.6 7.7

101 orange male 9.1 6.9 16.7 18.6 7.4
102 orange male 10.2 8.2 20.2 22.2 9.0
151 orange female 10.7 9.7 21.4 24.0 9.8
152 orange female 11.4 9.2 21.7 24.1 9.7
153 orange female 12.5 10.0 24.1 27.0 10.9

The variables in a data table can be described algebraically using a matrix
having n observations and p variables denoted as:

X = [X1 X2 . . . Xp] =





X11 X12 . . . X1p

X21 X22 . . . X2p
...

...
...

Xn1 Xn2 . . . Xnp





n×p

For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.
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Table 2.1. Example data table, an excerpt from Australian Crabs

Crab species sex frontal rear carapace carapace body

lobe width length width depth

1 blue male 8.1 6.7 16.1 19.0 7.0
2 blue male 8.8 7.7 18.1 20.8 7.4
3 blue male 9.2 7.8 19.0 22.4 7.7
4 blue male 9.6 7.9 20.1 23.1 8.2

51 blue female 7.2 6.5 14.7 17.1 6.1
52 blue female 9.0 8.5 19.3 22.7 7.7
53 blue female 9.1 8.1 18.5 21.6 7.7

101 orange male 9.1 6.9 16.7 18.6 7.4
102 orange male 10.2 8.2 20.2 22.2 9.0
151 orange female 10.7 9.7 21.4 24.0 9.8
152 orange female 11.4 9.2 21.7 24.1 9.7
153 orange female 12.5 10.0 24.1 27.0 10.9

The variables in a data table can be described algebraically using a matrix
having n observations and p variables denoted as:

X = [X1 X2 . . . Xp] =





X11 X12 . . . X1p

X21 X22 . . . X2p
...

...
...

Xn1 Xn2 . . . Xnp





n×p

For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.
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A2 =





0.707
0.707

0
0
0




, then XA2 =





0.707× 8.1 + 0.707× 6.7 = 10.5
0.707× 8.8 + 0.707× 7.7 = 11.7
0.707× 9.2 + 0.707× 7.8 = 12.0
0.707× 9.6 + 0.707× 7.9 = 12.4
0.707× 7.2 + 0.707× 6.5 = 9.7

...





,

and the resulting vector is a linear combination of the first two variables,
frontal lobe and rear width.

The corresponding histograms of the full set of crabs data are shown in
Fig. 2.7, with the projection of the data onto A1 at left and the projection onto
A2 at right. In the linear combination of two variables, XA2, a suggestion
of bimodality is visible. The data is also more spread in this projection: The
variance of the combination of variables is larger than the variance of frontal
lobe alone.
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Fig. 2.7. Two 1D projections of the Crabs data. The plotted vectors are different lin-
ear combinations of frontal lobe and rear width, such that the first plot shows frontal

lobe alone and the second shows an equal-weighted projection of both variables.

Next, we will look at a numerical example of a 2D projection. If the 2D
projection matrix is

A3 =





1 0
0 1
0 0
0 0
0 0




, then the data projection is XA3 =





8.1 6.7
8.8 7.7
9.2 7.8
9.6 7.9
7.2 6.5
...





,
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0.707× 8.1 + 0.707× 6.7 = 10.5
0.707× 8.8 + 0.707× 7.7 = 11.7
0.707× 9.2 + 0.707× 7.8 = 12.0
0.707× 9.6 + 0.707× 7.9 = 12.4
0.707× 7.2 + 0.707× 6.5 = 9.7

...





,

and the resulting vector is a linear combination of the first two variables,
frontal lobe and rear width.

The corresponding histograms of the full set of crabs data are shown in
Fig. 2.7, with the projection of the data onto A1 at left and the projection onto
A2 at right. In the linear combination of two variables, XA2, a suggestion
of bimodality is visible. The data is also more spread in this projection: The
variance of the combination of variables is larger than the variance of frontal
lobe alone.
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lobe alone and the second shows an equal-weighted projection of both variables.

Next, we will look at a numerical example of a 2D projection. If the 2D
projection matrix is

A3 =





1 0
0 1
0 0
0 0
0 0




, then the data projection is XA3 =





8.1 6.7
8.8 7.7
9.2 7.8
9.6 7.9
7.2 6.5
...





,
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Table 2.1. Example data table, an excerpt from Australian Crabs

Crab species sex frontal rear carapace carapace body

lobe width length width depth

1 blue male 8.1 6.7 16.1 19.0 7.0
2 blue male 8.8 7.7 18.1 20.8 7.4
3 blue male 9.2 7.8 19.0 22.4 7.7
4 blue male 9.6 7.9 20.1 23.1 8.2

51 blue female 7.2 6.5 14.7 17.1 6.1
52 blue female 9.0 8.5 19.3 22.7 7.7
53 blue female 9.1 8.1 18.5 21.6 7.7

101 orange male 9.1 6.9 16.7 18.6 7.4
102 orange male 10.2 8.2 20.2 22.2 9.0
151 orange female 10.7 9.7 21.4 24.0 9.8
152 orange female 11.4 9.2 21.7 24.1 9.7
153 orange female 12.5 10.0 24.1 27.0 10.9

The variables in a data table can be described algebraically using a matrix
having n observations and p variables denoted as:

X = [X1 X2 . . . Xp] =





X11 X12 . . . X1p

X21 X22 . . . X2p
...

...
...

Xn1 Xn2 . . . Xnp





n×p

For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.
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Table 2.1. Example data table, an excerpt from Australian Crabs

Crab species sex frontal rear carapace carapace body

lobe width length width depth

1 blue male 8.1 6.7 16.1 19.0 7.0
2 blue male 8.8 7.7 18.1 20.8 7.4
3 blue male 9.2 7.8 19.0 22.4 7.7
4 blue male 9.6 7.9 20.1 23.1 8.2

51 blue female 7.2 6.5 14.7 17.1 6.1
52 blue female 9.0 8.5 19.3 22.7 7.7
53 blue female 9.1 8.1 18.5 21.6 7.7

101 orange male 9.1 6.9 16.7 18.6 7.4
102 orange male 10.2 8.2 20.2 22.2 9.0
151 orange female 10.7 9.7 21.4 24.0 9.8
152 orange female 11.4 9.2 21.7 24.1 9.7
153 orange female 12.5 10.0 24.1 27.0 10.9

The variables in a data table can be described algebraically using a matrix
having n observations and p variables denoted as:

X = [X1 X2 . . . Xp] =





X11 X12 . . . X1p

X21 X22 . . . X2p
...

...
...

Xn1 Xn2 . . . Xnp





n×p

For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.
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A2 =





0.707
0.707

0
0
0




, then XA2 =





0.707× 8.1 + 0.707× 6.7 = 10.5
0.707× 8.8 + 0.707× 7.7 = 11.7
0.707× 9.2 + 0.707× 7.8 = 12.0
0.707× 9.6 + 0.707× 7.9 = 12.4
0.707× 7.2 + 0.707× 6.5 = 9.7

...





,

and the resulting vector is a linear combination of the first two variables,
frontal lobe and rear width.

The corresponding histograms of the full set of crabs data are shown in
Fig. 2.7, with the projection of the data onto A1 at left and the projection onto
A2 at right. In the linear combination of two variables, XA2, a suggestion
of bimodality is visible. The data is also more spread in this projection: The
variance of the combination of variables is larger than the variance of frontal
lobe alone.
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Fig. 2.7. Two 1D projections of the Crabs data. The plotted vectors are different lin-
ear combinations of frontal lobe and rear width, such that the first plot shows frontal

lobe alone and the second shows an equal-weighted projection of both variables.

Next, we will look at a numerical example of a 2D projection. If the 2D
projection matrix is

A3 =





1 0
0 1
0 0
0 0
0 0




, then the data projection is XA3 =





8.1 6.7
8.8 7.7
9.2 7.8
9.6 7.9
7.2 6.5
...
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which is equivalent to the first two variables, frontal lobe and rear width. Al-
ternatively, if the projection matrix is

A4 =





0 0
0 0.950
0 −0.312

−0.312 0
0.950 0




then XA4 =





−0.312× 19.0 + 0.950× 7.0 = 0.72 0.950× 6.7− 0.312× 16.1 = 1.34
−0.312× 20.8 + 0.950× 7.4 = 0.54 0.950× 7.7− 0.312× 18.1 = 1.67
−0.312× 22.4 + 0.950× 7.7 = 0.33 0.950× 7.8− 0.312× 19.0 = 1.48
−0.312× 23.1 + 0.950× 8.2 = 0.58 0.950× 7.9− 0.312× 20.1 = 1.23
−0.312× 17.1 + 0.950× 6.1 = 0.46 0.950× 6.5− 0.312× 14.7 = 1.59

...
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Fig. 2.8. Two 2D projections of the Crabs data. The first projection shows a strong
linear relationship, and the second projection shows clustering within a narrower
range of values.

The resulting matrix has two columns, the first of which is a linear combi-
nation of carapace width and body depth, and the second of which is a linear
combination of rear width and carapace length.

The corresponding bivariate scatterplots of the full set of crabs data are
shown in Fig. 2.8. The projection of the data into A3 is shown at left, and
the projection into A4 is on the right. The left-hand projection shows shows a
strong linear relationship, with larger variation among the high values. In the
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which is equivalent to the first two variables, frontal lobe and rear width. Al-
ternatively, if the projection matrix is

A4 =





0 0
0 0.950
0 −0.312

−0.312 0
0.950 0




then XA4 =





−0.312× 19.0 + 0.950× 7.0 = 0.72 0.950× 6.7− 0.312× 16.1 = 1.34
−0.312× 20.8 + 0.950× 7.4 = 0.54 0.950× 7.7− 0.312× 18.1 = 1.67
−0.312× 22.4 + 0.950× 7.7 = 0.33 0.950× 7.8− 0.312× 19.0 = 1.48
−0.312× 23.1 + 0.950× 8.2 = 0.58 0.950× 7.9− 0.312× 20.1 = 1.23
−0.312× 17.1 + 0.950× 6.1 = 0.46 0.950× 6.5− 0.312× 14.7 = 1.59

...
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Fig. 2.8. Two 2D projections of the Crabs data. The first projection shows a strong
linear relationship, and the second projection shows clustering within a narrower
range of values.

The resulting matrix has two columns, the first of which is a linear combi-
nation of carapace width and body depth, and the second of which is a linear
combination of rear width and carapace length.

The corresponding bivariate scatterplots of the full set of crabs data are
shown in Fig. 2.8. The projection of the data into A3 is shown at left, and
the projection into A4 is on the right. The left-hand projection shows shows a
strong linear relationship, with larger variation among the high values. In the
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Table 2.1. Example data table, an excerpt from Australian Crabs

Crab species sex frontal rear carapace carapace body

lobe width length width depth

1 blue male 8.1 6.7 16.1 19.0 7.0
2 blue male 8.8 7.7 18.1 20.8 7.4
3 blue male 9.2 7.8 19.0 22.4 7.7
4 blue male 9.6 7.9 20.1 23.1 8.2

51 blue female 7.2 6.5 14.7 17.1 6.1
52 blue female 9.0 8.5 19.3 22.7 7.7
53 blue female 9.1 8.1 18.5 21.6 7.7

101 orange male 9.1 6.9 16.7 18.6 7.4
102 orange male 10.2 8.2 20.2 22.2 9.0
151 orange female 10.7 9.7 21.4 24.0 9.8
152 orange female 11.4 9.2 21.7 24.1 9.7
153 orange female 12.5 10.0 24.1 27.0 10.9

The variables in a data table can be described algebraically using a matrix
having n observations and p variables denoted as:

X = [X1 X2 . . . Xp] =





X11 X12 . . . X1p

X21 X22 . . . X2p
...

...
...

Xn1 Xn2 . . . Xnp





n×p

For some analyses, we consider real-valued variables separately. As a subset
of the Crabs data, the values in the table form a 12 × 5 matrix, X12×5 =
[X1, . . . ,X5]. We will use this shorthand notation when we discuss methods
that are applied only to real-valued variables. It is particularly useful for
describing tour methods, which are presented in Sect. 2.2.3.

For the Crabs data, we are interested in understanding the variation in the
five physical (real-valued) variables, and whether that variation depends on
the levels of the two categorical variables. In statistical language, we may say
that we are interested in the joint distribution of the five physical measure-
ments conditional on the two categorical variables. A plot of one column of
numbers displays the marginal distribution of one variable. Similarly a plot
of two columns of the data displays the marginal distribution of two vari-
ables. Ultimately we want to describe the distribution of observed values in
the five-dimensional space of the physical measurements.

Building insight about structure in high-dimensional spaces starts sim-
ply. We start with univariate and bivariate plots, looking for low-dimensional
structure, and work our way up to multivariate plots to seek relationships
among several variables. Along the way, we use different approaches to ex-
plore real-valued and categorical variables.
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which is equivalent to the first two variables, frontal lobe and rear width. Al-
ternatively, if the projection matrix is

A4 =





0 0
0 0.950
0 −0.312

−0.312 0
0.950 0




then XA4 =





−0.312× 19.0 + 0.950× 7.0 = 0.72 0.950× 6.7− 0.312× 16.1 = 1.34
−0.312× 20.8 + 0.950× 7.4 = 0.54 0.950× 7.7− 0.312× 18.1 = 1.67
−0.312× 22.4 + 0.950× 7.7 = 0.33 0.950× 7.8− 0.312× 19.0 = 1.48
−0.312× 23.1 + 0.950× 8.2 = 0.58 0.950× 7.9− 0.312× 20.1 = 1.23
−0.312× 17.1 + 0.950× 6.1 = 0.46 0.950× 6.5− 0.312× 14.7 = 1.59

...
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Fig. 2.8. Two 2D projections of the Crabs data. The first projection shows a strong
linear relationship, and the second projection shows clustering within a narrower
range of values.

The resulting matrix has two columns, the first of which is a linear combi-
nation of carapace width and body depth, and the second of which is a linear
combination of rear width and carapace length.

The corresponding bivariate scatterplots of the full set of crabs data are
shown in Fig. 2.8. The projection of the data into A3 is shown at left, and
the projection into A4 is on the right. The left-hand projection shows shows a
strong linear relationship, with larger variation among the high values. In the
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Remark on metrics in data space: We will always assume that data space is
equipped with a canonical inner product that determines a length unit across variables
and assumes variable directions to be orthogonal. We are not concerned with the
problem of choosing an inner product but simply assume that some choice has been
made. It should be up to the data visualization system to provide various choices by
allowing viewers to choose different scalings of the data. In XGobi and GGobi, for
example, viewers can choose the half-range, the standard deviation, or the median
absolute deviation (MAD) as the unit length.

Notation: A d-dimensional projection plane is generated by an orthonormal basis
which we collect in a p × d-matrix F = (f1, . . . , fd) called a d-frame. Note that
F T F = Id due to orthonormality of the columns. We denote the plane by span(F ).
Any plane has of course infinitely many frames that span it. The projection of a
high-dimensional data vector xi onto the direction fj is given by the scalar product

fT
j xi. The projection of xi onto the orthonormal frame F is the d-dimensional vector

V iewi = F T xi .

To make projections dynamic, they have to be functions of a time parameter t:

F (t) = (f1(t), . . . , fd(t)) ,

and same for the projected data:

V iewi(t) = F (t)T xi

3 Graphical Rendering of a Projection

A rendering method is a way of creating a graphical scene from a d-dimensional
projection. In this sense, a scatterplot is a rendering of a 2-D projection, but a parallel
coordinate plot with d axes is equally a rendering of a d-dimensional projection.

Rendering methodology is a wide area, covering much of statistical data visualiza-
tion; see Wegman and Carr (1993) for an excellent introduction. In what follows we
describe a few methods that are suitable for rendering real-time dynamic projections
of multivariate data given widely available display technology. Most have seen actual
use in dynamic graphics systems. We limit ourselves to inexpensive graphical scenes
that consist of points and lines, such as pointclouds, polygons, curves and wireframes.
This graphical vocabulary is sufficiently rich to permit renderings of data projections
as scatterplots, time series plots, simple geometric surfaces and geometric bodies and
graphs (see Littman et al. 1992 for visualizing high-dimensional graph layouts).

We are not concerned with the typical rendering questions that are at the heart
of most of 3-D computer graphics, such as lighting models and hidden line removal,
much of which is dependent on the presence of a single back-dimension. See again
Wegman and Carr (1993) for such issues. For some interesting higher-dimensional
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Figure 1: Examples of 1-D rendering methods: jitter plots, density plots, regression
plots, and multivariate time series plots.

replicated in X/GGobi. Both for speed and for the ability to point at individual
cases in the data, we only plotted the density values at the projected data points.
Even if overstrike occurs, the presence of high density areas in the projection is
conveyed graphically.

• Regression plots: A useful application of dynamic 1-D projections is to pre-
dictor variables in regression problems. We plot a fixed variable yi, such as a
response or (partial) residual, against the dynamic 1-dimensional projection of
some of the predictors xi:

Hori = SH · fT
1 xi + CH , V erti = SV · yi + CV .

A thorough search over f1 = f1(t) may lead to the discovery of nonlinearities,
heterogeneous variance, or extreme response values (Cook and Weisberg 1994).

7
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Choosing F
Grand tour: sample from a uniform on a sphere 
Guided: Optimize a projection pursuit index, eg 

Manual: Choose a variable to control, allow user to 
interactively control coe"cient, ranging between -1, 
1, constrained on all other variables
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Guided tour: four groups of crabs, optimizing PP index
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Why?
Learn how several variables jointly vary 
Examine the multivariate distribution 
Check model #t  
Explore deviations from distribution: outliers, 
clusters, nonlinear relationships 
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Your Turn

How many clusters? 
Anything else you see?

For each of the following videos answer these questions
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Your Turn

Linear dependence, or 
nonlinear dependence?

For each of the following videos answer these questions

Les Diablerets, Feb 1-4, 2015 -7319

Your Turn

Are the two groups di!erent 
from each other? 
Do you see any outliers? 
Any small clusters?

For each of the following videos answer these questions

Les Diablerets, Feb 1-4, 2015 -7320

Your Turn

One- or two-dimensional?

For each of the following videos answer these questions
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-2

0

2

X1 X2 X3 X4 X5 X6
variable

va
lu
e

Normal data

Nothing interesting! All a little moderate correlation. 
Modelling is going to be easy!
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-2

0

2

X1 X2 X3 X4 X5 X6
variable

va
lu
e

Clustered data

See the criss-crossing, gaps between lines. 
Will need to extract the clusters before doing any 
other modeling, otherwise pretty regular data

22
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-2

0

2

4

X1 X2 X3 X4 X5 X6
variable

va
lu
e

(Less) Clustered data

Still see the criss-crossing, gaps between lines, but 
less prominent. 
Will need to deal with the multi-modality
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-2

0

2

5

8

X1 X2 X3 X4 X5 X6
variable

va
lu
e

Outliers in the data

Small group of observations that are outliers on X1-X3. 
Need to do something with these cases, remove with 
justi#cation, or #x

24
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-4

-2

0

2

X1 X2 X3 X4 X5 X6
variable

va
lu
e

Strong association

Very $at lines indicate strong positive association 
between all variables.
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-2

0

2

X1 X2 X3 X4 X5 X6
variable

va
lu
e

Strong negative association

Crossed lines in #rst three variables indicate X2 is 
strongly negatively correlated with other vars.

26
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-2

0

2

X1 X2 X3 X4 X5 X6
variable

va
lu
e

Strong negative association 
- #xed

X2 is multiplied by -1, then it is positively 
associated with other variables.
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Tennis statistics

-2

0

2

4

6

Pct.1st.S Aces DF UE W.1st.S W.2nd.S Winners RPW BPC FSS RGW SPW
variable

va
lu
e

Scale matters: mean/sd, 0/1, individual/global 
Enables correlation to be seen better, and outliers
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Parallel coordinates

0.0

0.2

0.5

0.8

1.0

Pct.1st.S Aces DF UE W.1st.S W.2nd.S Winners RPW BPC FSS RGW SPW
variable

va
lu
e

Scale matters: mean/sd, 0/1, individual/global 
Emphasizes the univariate distributions
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Parallel coordinates

0

50

100

150

Pct.1st.S Aces DF UE W.1st.S W.2nd.S Winners RPW BPC FSS RGW SPW
variable

va
lu
e

Scale matters: mean/sd, 0/1, individual/global
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Parallel coordinates
-2

0

2

4

6

Pct.1st.S Aces DF UE W.1st.S W.2nd.S Winners RPW BPC FSS RGW SPW
variable

va
lu
e

Order matters: place variables that are highly 
correlated close to each other
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Parallel coordinates
-2

0

2

4

6

Pct.1st.S RPW BPC RGW Aces W.1st.S FSS DF UE W.2nd.S Winners SPW
variable

va
lu
e

Order matters: place variables that are highly 
correlated close to each other 
Less line crossing, easier to digest positive 
correlation, and then negative correlation

32
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Your Turn
Take two minutes and discuss with your neighbor what you see

-2

0

2

4

6

Pct.1st.S RPW BPC RGW Aces W.1st.S FSS DF UE W.2nd.S Winners SPW
variable

va
lu
e

Clusters? Outliers? (In one variable or multiple 
variables?) Association?

Les Diablerets, Feb 1-4, 2015 -57

Interactivity
Brushing and linking between multiple plots 
Identifying 
Scaling 

34
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Brushing
Persistent painting vs transient brushing
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Fig. 2.15. Linking between a point in one plot and a line in another, using Arabidop-

sis Gene Expression. The line segments in the right-hand plot correspond exactly to
the points in the left-hand plot.
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Fig. 2.16. Transient brushing contrasted with persistent painting. A sequence of
transient operations (top row), in which the points return to their previous color
when the brush moves off. In persistent painting (bottom row), points retain the
new color.
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cases with the corresponding levels are brushed — in that plot and in any
linked plots. Linking by variable enables us to achieve the same effect within
point plots.

Figure 2.14 illustrates another example of m-to-n linking. The data
(Wages) contains 6,402 longitudinal measurements for 888 subjects. We treat
the subject identifier as a categorical variable, and we specify it as our link-
ing variable. When we brush any one of a subject’s points, all other points
corresponding to this subject are simultaneously highlighted — and in this
instance, all connecting line segments between those points as well. In this
case, we link m points in the dataset with n edges.
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Fig. 2.14. Linking by subject identifier in longitudinal data, Wages, for two different
subjects. The linking rule specifies linking by subject ID, so brushing one point
causes all m points and n edges for that subject to be highlighted.

As we have just illustrated, we can link different kinds of objects. We can
brush a point in a scatterplot that is linked to an edge in a graph. Figure 2.15
illustrates this using the Aradopsis Gene Expression data. The left plot shows
the p-values vs. the mean square values from factor 1 in an analysis of aariance
(ANOVA) model; it contains 8,297 points. The highlighted points are cases
that have small p-values but large mean square values; that is, there is a lot
of variation, but most of it is due to the treatment. The right plot contains
16,594 points that are paired and connected by 8,297 line segments. One line
segment in this plot corresponds to a point in the left-hand scatterplot.

Persistent vs. transient — painting vs. brushing

Brushing scatterplots can be a transient operation, in which points in the
active plot only retain their new characteristics while they are enclosed or
intersected by the brush, or it can be a persistent operation, so that points
retain their new appearance after the brush has been moved away. Transient
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Brushing is most commonly used when multiple plots are visible and some
linking mechanism exists between the plots. There are several different con-
ceptual models for brushing and a number of common linking mechanisms.

Brushing as database query

We can think about linked brushing as a query of the data. Two or more
plots showing different views of the same dataset are near one another on the
computer screen. A user poses a query graphically by brushing a group of plot
elements in one of the plots. The response is presented graphically as well, as
the corresponding plot elements in linked plots are modified simultaneously.
A graphical user interface that supports this behavior is an implementation
of the notion of “multiple linked views,” which is discussed in Ahlberg et al.
(1991) and Buja et al. (1991).

To illustrate, we set up two pairwise scatterplots of data on Australian
Crabs, frontal lobe vs. rear width and sex vs. species. (In the latter plot, both
variables are jittered.) These plots, shown in Fig. 2.12, are linked, case to case,
point to point. We brush the points at the upper left in the scatterplot of sex
vs. species, female crabs of the Blue species, and we see where those points
appear in the plot of frontal lobe vs rear width. If we were instead working
with the same data in a relational table in a database, we might pose the
same question using SQL. We would issue the following simple SQL query
and examine the table of values of frontal lobe and rear width that it returns:

SELECT frontal_lobe, rear_width FROM Australian_Crabs
WHERE sex = female AND species = Blue
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Fig. 2.12. A dynamic query posed using linked brushing. The points corresponding
to sex = female and species = Blue are highlighted.
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brushing is usually chosen for linked brushing, as we have just described.
Persistent brushing is useful when we want to group the points into clusters
and then proceed to use other operations, such as the tour, to compare the
groups. It is becoming common terminology to call the persistent operation
“painting,” and to reserve “brushing” to refer to the transient operation.

Painting can be done automatically, by an algorithm, rather than relying
on mouse movements. The automatic painting tool in GGobi will map a color
scale onto a variable, painting all points with the click of a button. (The GGobi
manual includes a more detailed explanation.) Using the rggobi package, the
setColors and setGlyphs commands can be used to paint points.

2.3.2 Identification

Identification, which could also be called labeling or label brushing, is another
plot manipulation that can be linked. Bringing the cursor near a point or edge
in a scatterplot, or a bar in a barchart, causes a label to appear that identifies
the plot element. An identification parameter can be set that changes the
nature of the label. Figure 2.17 illustrates different attributes shown using
identification in GGobi: row label, variable value, and record identifier. The
point highlighted is a female crab of the Orange species, with a value of 23.1 for
frontal lobe, and it is the 200th row in the data matrix. Generally, identifying
points is best done as a transient operation, but labels can be made to stick
persistently. You will not be tempted to label many points persistently at the
same time, because the plot will be too busy.
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Fig. 2.17. Identifying points in a plot using three different labeling styles. The same
point is labeled with its row label, variable value, or record identifier.

2.3.3 Scaling

Scaling maps the data onto the window, and changes in that mapping function
help us learn different things from the same plot. Scaling is commonly used
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Putting it together
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Exploring tennis statistics
2014 was a great year for Swiss tennis 
Stan Wawrinka surprised everyone 
and defeated Nadal in the #nal, a%er 
defeating Berdych and Djokovic to 
get there 
Switzerland won its #rst ever Davis 
Cup

39

Statistics for 2014 pulled from http://www.ausopen.com/en_AU/players/overview/atpw367.html
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Questions
What performance statistics suggest advancing in 
the tournament? 
How did Stan Wawrinka win?

40
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Performance
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Wawrinka vs Nadal

42
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Wawrinka vs Nadal
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What we learn
It is important to keep control in the game, not too 
many winners, not too few, and errors same. 
Serve speed is not that important. 
Winning your serve is important. 
Stan beat Rafa on winners in #nal! 
Nadal serves slowly, and not so much slower in #nal. 

44
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Stan vs Rafa
Stan won the game on 
winners, unforced errors, 
aces, serving % and speed. 
It looks like he played 
aggressively, he was in the 
zone,  and the gamble 
paid o!. 
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Stan vs Rafa
Generally, throughout 
tournament, Stan had 
more winners, errors,  #rst 
serve %, serve speed. 
He had a better 
tournament performance.

46
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Your Turn
Take two minutes to come up with some more question

What other things would you like to investigate in 
the game of tennis? 
What calculations, tables, plots would you make to 
tackle these questions? 
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Exploring model #ts
Classi#cation, examining boundary rules and 
mis#ts 
Clustering, exploring self-organizing maps
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Italian Olive oils
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4.2 Purely graphics: getting a picture of the class structure 73

composed mostly of linoleic with a small contribution from arachidic. (The
numbers generating this projection, recorded from the tour coefficients, are
0.969
1022 × linoleic + 0.245

105 × arachidic. The numerator is the projection coefficient,
and the denominator is the range of the variable, which was used to scale the
measurements into the plot.) We usually think of this as a multivariate plot,
but here we were successful using a linear combination of only two variables.

Multivariate plots: A parallel coordinate plot can also be used to select impor-
tant variables for classification. Figure 4.5 shows a parallel coordinate plot for
the Olive Oils data, where the three colors represent the three large regions.
As we found earlier, eicosenoic is useful for separating Southern oils (orange,
the color drawn first) from the others. In addition, Southern oils have higher
values on palmitic and palmitoleic and low values on oleic. Northern oils have
high values of oleic and low values of linoleic relative to Sardinian oils.

Parallel coordinate plots are not as good as tours for visualizing the shape
of the clusters corresponding to classes and the shape of the boundaries be-
tween them, but they are attractive because they can hold so many variables
at once and still be clearly labeled.
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Fig. 4.5. Finding variables for classification using a parallel coordinate plot of Olive

Oils. Color represents region, with South in orange (the color that is drawn first),
North in purple (the color that is drawn last), and Sardinia in green. Eicosenoic,
and to some extent palmitic, palmitoleic and oleic distinguish Southern oils from the
others. Oleic and linoleic distinguish Northern from Sardinian oils.

4.2.3 Separating the oils by area within each region

It is now clear that the oils from the three large regions can be distinguished
by their fatty acid composition. For the second stage of the classification task,
we explore one region at a time, looking for separations among the oils of each
area. We plan to separate them visually just as we did in the preceding section,
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72 4 Supervised Classification

We can cleanly separate the oils of the South from those of the other
regions using just one variable, eicosenoic (Fig. 4.3, top row). Both of these
univariate plots show that the oils from the other two regions contain no
eicosenoic acid.

In order to differentiate the oils from the North and Sardinia, we remove
the Southern oils from view and continue plotting one variable at a time
(Fig. 4.3, bottom row). Several variables show differences between the oils of
the two regions, and we have plotted two of them: oleic and linoleic. Oils from
Sardinia contain lower amounts of oleic acid and higher amounts of linoleic
acid than oils from the north. The two regions are perfectly separated by
linoleic, but since there is no gap between the two groups of points, we will
keep looking.

Bivariate plots: If one variable is not enough to distinguish Northern oils from
Sardinian oils, perhaps we can find a pair of variables that will do the job.
Starting with oleic and linoleic, which were so promising when taken singly,
we look at pairwise scatterplots (Fig. 4.4, left and middle). Unfortunately, the
combination of oleic and linoleic is no more powerful than each one was alone.
They are strongly negatively associated, and there is still no gap between the
two groups.

We explore other pairs of variables. Something interesting emerges from a
plot of arachidic and linoleic: There is big gap between the points of the two
regions! Arachidic alone seems to have no power to separate, but it improves
the power of linoleic. Since the gap between the two groups follows a non-linear,
almost quadratic path, we must do a bit more work to define a functional
boundary.
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Fig. 4.4. Separation between the Northern (purple circles) and Sardinian (green
squares) oils. Two bivariate scatterplots (left) and a linear combination of linoleic

and arachidic viewed in a 1D tour (right).

We move on, using the 1D tour to look for a linear combination of
linoleic and arachidic that will show a clear gap between the Northern and
Sardinian oils, and we find one (Fig. 4.4, right). The linear combination is
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We can cleanly separate the oils of the South from those of the other
regions using just one variable, eicosenoic (Fig. 4.3, top row). Both of these
univariate plots show that the oils from the other two regions contain no
eicosenoic acid.

In order to differentiate the oils from the North and Sardinia, we remove
the Southern oils from view and continue plotting one variable at a time
(Fig. 4.3, bottom row). Several variables show differences between the oils of
the two regions, and we have plotted two of them: oleic and linoleic. Oils from
Sardinia contain lower amounts of oleic acid and higher amounts of linoleic
acid than oils from the north. The two regions are perfectly separated by
linoleic, but since there is no gap between the two groups of points, we will
keep looking.

Bivariate plots: If one variable is not enough to distinguish Northern oils from
Sardinian oils, perhaps we can find a pair of variables that will do the job.
Starting with oleic and linoleic, which were so promising when taken singly,
we look at pairwise scatterplots (Fig. 4.4, left and middle). Unfortunately, the
combination of oleic and linoleic is no more powerful than each one was alone.
They are strongly negatively associated, and there is still no gap between the
two groups.

We explore other pairs of variables. Something interesting emerges from a
plot of arachidic and linoleic: There is big gap between the points of the two
regions! Arachidic alone seems to have no power to separate, but it improves
the power of linoleic. Since the gap between the two groups follows a non-linear,
almost quadratic path, we must do a bit more work to define a functional
boundary.
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Fig. 4.4. Separation between the Northern (purple circles) and Sardinian (green
squares) oils. Two bivariate scatterplots (left) and a linear combination of linoleic

and arachidic viewed in a 1D tour (right).

We move on, using the 1D tour to look for a linear combination of
linoleic and arachidic that will show a clear gap between the Northern and
Sardinian oils, and we find one (Fig. 4.4, right). The linear combination is

Ancient statistics 
textbook data 
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8 fatty acid  
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and pricing 
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Fig. 4.9. Misclassifications from an LDA classifier of the Olive oils by region. In
the misclassification table (top right), erroneously classified samples are brushed
as large filled circles, and studied in the discriminant space (top left), and the 2D
tour (bottom row).

Sect. 4.1.1). This is the discriminant space, the linear combination of variables
where the class means are most separated relative to the pooled variance–
covariance. For the Olive Oils, it is computed by:

> library(MASS)
> library(rggobi)
> d.olive <- read.csv("olive.csv", row.names=1)
> d.olive.sub <- subset(d.olive,

select=c(region,palmitic:eicosenoic))
> olive.lda <- lda(region~., d.olive.sub)
> pregion <- predict(olive.lda, d.olive.sub)$class
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Fig. 4.10. Improving on the results of the tree classifier using the manual tour.
The tree classifier determines that only eicosenoic and linoleic acid are necessary to
separate the three regions (R plot, top left). This view is duplicated in GGobi
(top right) and sharpened using manual controls (bottom left). The improved
result is then returned to R and re-plotted with reconstructed boundaries (bottom
right).

Tree classifiers are usually effective at singling out the most important
variables for classification. However, since they define each split using a single
variable, they are likely to miss any model improvements that might come
from using linear combinations of variables. Some tree implementations con-
sider linear combinations of variables, but they are not in common use. The
more commonly used models might, at best, approximate a linear combina-
tion by using many splits along the different variables, zig-zagging a boundary
between clusters.

Accordingly the model produced by a tree classifier can sometimes be
improved by exploring the neighborhood using the manual tour controls
(Fig. 4.10, top right and bottom left). Starting from the projection of the
two variables selected by the tree algorithm, linoleic and eicosenoic, we find an
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84 4 Supervised Classification

> table(d.olive.sub[,1], olive.rf$predicted)
1 2 3

1 323 0 0
2 0 98 0
3 0 0 151

> margin <- olive.rf$vote
> colnames(margin) <- c("Vote1", "Vote2", "Vote3")
> d.olive.rf <- cbind(pred, margin, d.olive)
> gd <- ggobi(d.olive.rf)[1]
> glyph_color(gd) <- c(rep(6,323), rep(5,98), rep(1,151))
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Fig. 4.11. Examining the results of a forest classifier of Olive Oils by region. The
votes assess the uncertainty associated with each sample. The cases classified with
the greatest uncertainty lie far from the corners of the triangles. These points are
brushed (top left), and we examine their location using the linked tour plot (top
right). The introduction of linoarach (bottom) eliminates the confusion between
Sardinia and the North.
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Fig. 4.11. Examining the results of a forest classifier of Olive Oils by region. The
votes assess the uncertainty associated with each sample. The cases classified with
the greatest uncertainty lie far from the corners of the triangles. These points are
brushed (top left), and we examine their location using the linked tour plot (top
right). The introduction of linoarach (bottom) eliminates the confusion between
Sardinia and the North.
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4.3 Numerical methods 87

Look first at the top row of the figure. The misclassification table is represented
by a jittered scatterplot, at the left. A plot from a 2D tour of the four voting
variables is in the center. Because there are four groups, the votes lie on a
3D tetrahedron (a simplex). The votes from three of the areas are pretty well
separated, one at each “corner,” but those from Sicily overlap all of them.
Remember that when points are clumped at the vertex, class members are
consistently predicted correctly. Since this does not occur for Sicilian oils, we
see that there is more uncertainty in the predictions for this area.

The plot at right confirms this observation. It is a projection from a 2D
tour of the four most important variables, showing a pattern we have seen
before. We can achieve pretty good separation of the oils from North Apulia,
Calabria, and South Apulia, but the oils from Sicily overlap all three clusters.
Clearly these are tough samples to classify correctly.
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Fig. 4.12. Examining the results of a random forest after classifying the oils of the
South by area. A representation of the misclassification table (left) is linked to plots
of the votes (middle) and a 2D tour (right). The Sicilian oils have been excluded
from the plots in the bottom row.

We remove the Sicilian oils from the plots so we can focus on the other
three areas (bottom row of plots). The points representing North Apulian oils
form a very tight cluster at a vertex, with three exceptions. Two of these
points are misclassified as Calabrian, and we have highlighted them as large
filled circles by painting the misclassification plot.
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Fig. 4.16. Classification boundaries for different models shown in the 2D tour.
Points on the boundary are gray stars. We first compare LDA (top left) with
linear SVM (top right) in finding the boundary between oils from the North and
Sardinia. Both boundaries are too close to the cluster of Northern oils. We also
compare linear SVM (bottom left) and radial kernel SVM (bottom right) in
finding the boundary between oils from South Apulia and other Southern oils.

The bottom row of plots examines the more difficult classification of the
areas of the South, focusing on separating the South Apulian oils (in pink),
which is the largest sample, from the oils of the other areas (all in orange).
Perfect separation between the classes does not occur. Both plots are tour
projections showing SVM boundaries, the left plot generated by a linear kernel
and the right one by a radial kernel. Recall that the radial kernel was selected
automatically by the SVM software we used, whereas we actually chose to use
a linear kernel. These pictures illustrate that the linear basis yields a more
reasonable boundary between the two groups. The shape of the clusters of
the two groups is approximately the same, and there is only a small overlap
of the two. The linear boundary fits this structure neatly. The radial kernel
wraps around the South Apulian oils.
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Self-organizing maps
Model is #t by warping 
a sheet through high-d 
Lay out sheet to see 
proximities 
Instead, use the tour to 
examine how sheet #ts 
the data

55

“book”
2009/7/24
page 123✐

✐
✐

✐

✐
✐

✐
✐

5.3 Numerical methods 123

! ! ! ! ! !

! ! ! ! ! !

! ! ! ! ! !

! ! ! ! ! !

! ! ! ! ! !

! ! ! ! ! !!

!

!

!

!!!
!

!
!

!

!

! !

!

!

!

!

!

!

!

!!

!

!

!

! !
!

!

!

!

!!
!

!

!

!
!

!

!

!

!

!

!!

!

! !

!

! !!

! !
!

!

!

!

!

!

!
! !

!

!

!

!

!
!

!

!

!

!

! ! !

!

!

!

! ! !

!
!

!

!
!

!

!

!

!

!
!

!!
!
!

!!
!

!

!

!

!

!

!

! !

!

!

!

!
!

!

! !
!

!
!

!!
!

!

!
!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!

!

!

!

!

!

!

!

!

!
!

!
!

!

lvar

lavelmax
lfenerlfreq

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!
!

!

!

!

!

!

!

!

!
!

!

!

!!!!
!
!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

! !

!

!
!

!
!

!

!

!

!

!!

!

!
!

!

!

!

!

!
!

!

!

!

!

!!

!

!

!

!

!

!

!

!!

!

lvarlmax
lfenerlfreq

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!

!

!

!

!

!

!

!
!

!

!
!

!

!
!!

!

!

!

!

!

!

!

!!

!

!

!

!
!

!
!

!
!

! !

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!
!

!
!

!

!

!

!

!

!

!
!

!

!

!

lvarlave lmaxlfener

lfreq

Fig. 5.10. Successful SOM fit shown in a 2D map view and tour projections. Here
we see a more successful SOM fit, using standardized data. The net wraps through
the nonlinear dependencies in the data, but some outliers remain.

for the Music data from k-means and Ward’s linkage hierarchical clustering,
generated by:

> d.music.dist <- dist(subset(d.music.std,
select=c(lvar:lfreq)))

> d.music.hc <- hclust(d.music.dist, method="ward")
> cl5 <- cutree(d.music.hc,5)
> d.music.km <- kmeans(subset(d.music.std,

select=c(lvar:lfreq)), 5)
> table(d.music.km$cluster, cl5)
> d.music.clustcompare <-

cbind(d.music.std,cl5,d.music.km$cluster)
> names(d.music.clustcompare)[8] <- "Wards"
> names(d.music.clustcompare)[9] <- "km"
> gd <- ggobi(d.music.clustcompare)[1]
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Summary
We can see beyond 3D, with a combination of 
dynamic graphics and linking between multiple 
plots. 
Statistical graphics explores abstract relationships 
between variables, and enables building a 
conceptual map of structure in data 
It is important to examine the model #t IN THE 
DATA SPACE. 
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